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EXPLICIT CONSTRUCTIONS OF HALPHEN PENCILS
ALINE ZANARDINI
Abstract. We construct rational elliptic surfaces of index two by explicitly constructing
their associated Halphen pencils in the projective plane P2. For each of the types of singular
fibers that occur we construct at least one example having that type of fiber and in fact,
for some, we construct all possible examples. We establish a precise dictionary between the
fibers in a rational elliptic surface and the corresponding plane curves and, in particular, we
study the singularities of the curves appearing in a Halphen pencil.
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2 EXPLICIT CONSTRUCTIONS OF HALPHEN PENCILS
1. Introduction
Elliptic surfaces play an important role in many questions from different areas of
Mathematics and also in theoretical Physics. They are central in the classification of
algebraic surfaces, they appear in the construction of exotic four manifolds and they are
also present in the formulation of F-theory. Examples of elliptic surfaces include Enriques
surfaces, Dolgachev surfaces, all surfaces of Kodaira dimension one and many rational
surfaces. In this paper we are interested in the latter.
We say a rational surface Y is a rational elliptic surface if Y admits a fibration f : Y → P1
whose generic fiber is a smooth curve of genus one. We do not necessarily assume the
existence of a global section. If Y is a rational elliptic surface, then there exists some m ≥ 1,
called the index of the fibration, so that f is given by the anti-pluricanonical system |−mKY |.
Moreover, m = 1 if and only if f admits a global section and whenever m > 1 there exists
exactly one multiple fiber in Y , this of multiplicity m (see e.g. [13, Chapter V, §6]).
Rational elliptic surfaces admitting a global section have been widely studied under
many different points of view. Different compactifications for their moduli space have been
constructed and are well understood [1], [3], [4], [22], [33],[34]; their automorphism groups
have been classified [24],[25]; and all possible configurations of singular fibers are known
[36],[40]. It is also known that these surfaces can be realized from a pencil of cubic curves
in the plane (by blowing-up their nine base points) and explicit examples having a
Mordell-Weil group with some particular rank have been considered in [13, Theorem 5.6.2],
[19],[39] and [42].
Nevertheless, there are not many explicit constructions in the literature for those rational
elliptic surfaces that do not admit a global section. The goal of this paper is to provide such
explicit constructions. For each of the types of singular fibers that occur we construct at
least one example having that type of fiber and in fact, for some, we construct all possible
examples. Our approach is purely geometric.
Similar to the m = 1 case, rational elliptic surfaces of any index m can be realized as a
nine point blow-up of P2, where the nine points are base points of a certain pencil of plane
curves. These are called Halphen pencils (of index m), after the French mathematician
Georges Henri Halphen who first studied these objects in [21].
Concretely, if f : Y → P1 is a rational elliptic surface, then there exists a birational map
pi : Y → P2 so that f ◦ pi−1 is a pencil of plane curves of degree 3m having nine (possibly
infinitely near) singular base points of multiplicity m. In particular, any fiber F corresponds
to a plane curve B of degree 3m, namely pi(F ) [13, Theorem 5.6.1].
An important ingredient in our approach is the study of the singularities of a plane curve
occurring in a Halphen pencil. The log canonical threshold (lct) plays an important role.
We establish some precise relations between the log canonical thresholds of the pairs (Y, F )
and (P2, B), which provide us with bounds for the lct of the latter. We prove the following
results, where MB (resp. MF ) denotes the largest multiplicity of a component of B (resp.
F ):
Theorem 1.1. If F is any (non-multiple) fiber of Y , then the corresponding plane curve B
is such that
lct(P2, B) ≤ 1
MB
≤ 2lct(Y, F )
and these inequalities do not depend on the index m of the fibration.
Further,
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(i) if m > 1 and F is reduced, then B is reduced and we have
1
m
< lct(P2, B) ≤ lct(Y, F )
(ii) if MF ≥ m and F is not reduced, then
lct(Y, F ) ≤ lct(P2, B)
In fact we establish a dictionary between the fibers in the surface and the corresponding
plane curves. When m = 2 and F is of type II∗, III∗ or IV ∗ we obtain the following
complete characterization for the plane curve B:
Theorem 1.2. A fiber F of type II∗ can only be realized by one of the following plane curves:
(i) a triple conic
(ii) a nodal cubic and an inflection line, with the line taken with multiplicity three
(iii) two triples lines
(iv) a conic and a tangent line, with the line taken with multiplicity four
(v) a line with multiplicity five and another line
If F is of type III∗, then F can only be realized by one of the following curves:
(i) a double line, a cubic and another line
(ii) a double conic and another conic
(iii) a triple conic
(iv) two triple lines
(v) a triple line, a double line and another line
(vi) a triple line, a conic and a line
(vii) a triple line and a cubic
(viii) a conic and a line, with the line taken with multiplicity four
(ix) a line with multiplicity four and two other lines
And whenever F is of type IV ∗ we have that F can only be realized by one of the curves
below:
(i) a double conic and a conic
(ii) a double line, a conic and two lines
(iii) a double line, a cubic and a line
(iv) a double line and two conics
(v) two double lines and two lines
(vi) two double lines and a conic
(vii) a double conic and two lines
(viii) a triple conic
(ix) a triple line, a conic and a line
(x) a triple line, a double line and another line
(xi) a triple line and three lines
(xii) a triple line and a cubic
Conversely, we can construct a Halphen pencil of index two, λB + µ(2C) = 0, where B is
any one of the curves above and the corresponding (non-multiple) fiber is of type II∗, III∗
or IV ∗.
And for any index m we prove Proposition 1.3 below, providing a new proof for a result
of Miranda [33, Lemma 6.4].
4 EXPLICIT CONSTRUCTIONS OF HALPHEN PENCILS
Proposition 1.3. If F is of type II∗, III∗ or IV ∗, then B cannot be reduced.
The many examples we construct complement (and in some sense complete) the few
existing ones considered in [15],[16],[26] and [27]. Some examples of rational elliptic
surfaces Y of index two have also been constructed independently by Antonio Laface [31].
His approach, however, builds on the analysis of lattices by considering the (−1) curves of
Y as integer points in a polytope inside Pic(Y ) and then using information about the
intersection form.
Surprisingly, Halphen pencils have appeared in [6] in the solution of a problem in
Diophantine geometry and a generalization to higher dimensions has been considered in
[11] and [12]. Other possible applications include the study of certain K3 surfaces [2], [45]
and the construction of: F-theory compactifications [26],[27], discrete Painlevé equations
[41] and a moduli space for rational elliptic surfaces of index two [44].
In a forthcoming paper [44] we will use the constructions of Halphen pencils presented
here and the results from Section 4 to study the stability, in the sense of geometric
invariant theory (GIT), of Halphen pencils under the action of SL(3) and hence, to
construct a compactification for the moduli space of rational elliptic surfaces of index two.
This was our original motivation and it also explains why we have exhibited all possible
examples of Halphen pencils yielding rational elliptic surfaces with fibers of type II∗, III∗
or IV ∗ (Theorems 5.15, 5.16 and 5.17). In [44] we show these types of fiber are associated
with unstability.
The work of Miranda in [33] describes the GIT stability conditions for pencils of plane
cubics, which leads to a compactification of the moduli space of rational elliptic surfaces
with section. Such compactification agrees with the one obtained by the same author in [34],
where the surfaces are described by equations, namely their Weierstrass models.
When the existence of a global section is not assumed, there is no analogue for the
Weierstrass model and even the dimensions of the parameter spaces involved are much
higher, which makes it much harder to solve the classification problem. Tools from
Birational Geometry and the results obtained in this paper have helped us to overcome
such difficulties.
Organization. The paper is organized as follows: We begin, in Section 2, by presenting
some basic background material from Birational Geometry that will be needed later. Next,
in Section 3 we introduce the geometric objects we are interested in, namely rational
elliptic surfaces and their associated Halphen pencils. Section 4 is devoted to establishing
the dictionary between the curves in a Halphen pencil and the fibers in the corresponding
elliptic surface. In particular, we study the log canonical thresholds of the plane curves
that can occur in a Halphen pencil. In Section 5 we prove Theorems 5.15, 5.16 and 5.17
that completely characterize all possible examples of Halphen pencils of index two yielding
fibers of type II∗, III∗ and IV ∗. Then in Section 6 we present many new constructions of
Halphen pencils of index two. These are summarized in Tables 2 through 8. A more
detailed and explicit geometric description is given right after in Section 7. We work over
C.
Acknowledgments. I would like to thank my advisor, Antonella Grassi, for the many
insightful conversations, the numerous enriching suggestions on earlier drafts and the
encouragement for writing this paper. I also would like to thank Antonio Laface for helpful
conversations. This work is part of my PhD thesis and it was partially supported by a
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2. The Log Canonical Threshold
We first recall some necessary background notions in Birational Geometry concerning log
canonical pairs. We refer to [30] for a more detailed exposition.
Let X be a normal algebraic variety and let ∆ =
∑
diDi ⊂ X be a Q-divisor, i.e. a
Q-linear combination of prime divisors.
Definition 2.1. Given any birational morphism µ : X˜ → X, with X˜ normal, we can write
KX˜ ≡ µ∗(KX +∆) +
∑
aEE
where E ⊂ X˜ are distinct prime divisors, aE .= a(E,X,∆) are the discrepancies of E with
respect to (X,∆) and a nonexceptional divisor E appears in the sum if and only if E = µ−1∗ Di
for some i (in that case with coefficient a(E,X,∆) = −di).
Definition 2.2. A log resolution of the pair (X,∆) consists of a proper birational
morphism µ : X˜ → X such that X˜ is smooth and µ−1(∆) ∪ Exc(µ) is a divisor with global
normal crossings.
Definition 2.3. We say (X,∆) is log canonical if KX +∆ is Q-Cartier and given any log
resolution µ : X˜ → X we have
KX˜ ≡ µ∗(KX +∆) +
∑
aEE
with all aE ≥ −1.
Remark 2.4. In particular, if X is smooth and ∆ = diDi is simple normal crossings, then
(X,∆) is log canonical if and only if di ≤ 1 for all i.
Definition 2.5. The number
lct(X,∆)
.
= sup{ t ; (X, t∆) is log canonical}
is called the log canonical threshold of (X,∆).
We can also consider a local version:
lctp(X,∆)
.
= sup{ t ; (X, t∆) is log canonical in an open neighborhood of p}
where p ∈ X is a closed point.
Lemma 2.6. Given a log resolution µ : X˜ → X, write
KX˜ = µ
∗KX +
∑
aiEi and µ
∗∆ = ∆˜ +
∑
biEi
where ∆˜ = diD˜i (resp. D˜i) denotes the strict transform of ∆ (resp. Di) under µ and Ei ⊂ X˜
are the exceptional divisors of µ. Then
lct(X,∆) = min
{
1 + ai
bi
,
1
di
, 1
}
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3. Rational Elliptic Surfaces with a Multiple Fiber
We now introduce the geometric objects we are interested in studying in this paper, namely
rational elliptic surfaces and their associated Halphen pencils. We point the reader to [13,
Chapter V, §6] for more details.
Let Y be a smooth and projective surface and let f : Y → C be a fibration (a surjective
proper flat morphism) such that the generic fiber is a smooth genus one curve. And, further,
assume Y is relatively minimal, meaning there are no (−1)−curves in any fiber. We will refer
to this data as an elliptic surface1, even though the generic fiber of f does not necessarily
have the structure of an elliptic curve.
Any elliptic surface has finitely many singular fibers and the configuration of all non-
multiple singular fibers is exactly the same as the one in the associated Jacobian fibration
(see Section 3.2). The possible non-multiple singular fibers have been classified by Kodaira
and Néron [28],[29] and [38] and Table 1 below gives the full classification. Over a field of
characteristic zero, any multiple fiber is of type In for some n ≥ 0 [13, Proposition 5.1.8] .
Kodaira Type Number of Components Dual Graph
I0 1 (smooth)
I1 1 (with a node)
In n ≥ 2 A˜n−1
II 1 (with a cusp)
III 2 A˜1
IV 3 A˜2
I∗n n + 5 D˜4+n
IV ∗ 7 E˜6
III∗ 8 E˜7
II∗ 9 E˜8
Table 1. Kodaira’s Classification
Given f : Y → C as before, we define the index of the fibration, and denote it by dY , as
the positive generator of the ideal
{D · Yη ; D ∈ Pic(Y )} E Z
where Yη is a generic fiber. Since Y is projective dY is always finite.
Note that dY = 1 if and only if f admits a section, if and only if the generic fiber has the
structure of a (smooth) elliptic curve.
In this paper we are interested in the situation where Y is rational and dY > 1. One can
show that when Y is rational then C ≃ P1 (Luröth’s Theorem) and f is given by the linear
system | − mKY |, where m = dY (Proposition 3.2). In particular, K2Y = 0 and Y can be
obtained as a nine-point blow-up of P2.
1in the literature this is often referred to as a genus one fibration
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3.1. Halphen Pencils.
Definition 3.1. A Halphen pencil of index m is a pencil of plane curves of degree 3m
with nine (possibly infinitely near) base points of multiplicity m.
Such geometric object is in one-to-one correspondence with rational elliptic surfaces:
Proposition 3.2 ([13, Theorem 5.6.1], [15, Main Theorem 2.1]). Let f : Y → P1 be a
rational elliptic surface of index m and let F be a choice of a fiber of f , then there exists a
birational map pi : Y → P2 so that f ◦ pi−1 is a Halphen pencil of index m and, moreover,
B
.
= pi(F ) is a plane curve of degree 3m:
F ⊂ Y pi //❴❴❴❴❴❴❴
f
##
❋❋
❋❋
❋❋
❋❋
❋❋
P2 ⊃ B .= pi(F )
f◦pi−1
xxq
q
q
q
q
q
P1
Conversely, given a Halphen pencil of index m, taking the minimal resolution of its base
points we obtain a rational elliptic surface of index m.
Moreover, since the canonical bundle formula (see e.g. [5, Theorem 12.1]) implies Lemma
3.3 below we have that any Halphen pencil of index m contains exactly one cubic of
multiplicity m, which corresponds to the unique multiple fiber in the associated rational
elliptic surface. In fact the cubic corresponds to a fiber of type In for some n ≤ 9 [13,
Proposition 5.1.8]. And if none of the base points are singular points of the cubic, then we
can further restrict to n ≤ 3 (Lemma 4.8).
Lemma 3.3 ([13, Proposition 5.61,(iii)]). If f : Y → P1 is a rational elliptic surface, then
f has at most one multiple fiber.
3.2. The Jacobian. If f : Y → C is an elliptic surface of index m > 1, then the generic
fiber Yη is a smooth genus one curve over the function field of C that has no rational points
over this field (the fibration has no sections). If we let Jac(Yη) denote the corresponding
Jacobian variety of divisors of degree 0 on Yη that is, the connected component of the identity
of Pic(Yη), then we can construct an elliptic surface J → C with a section whose generic
fiber Jη is isomorphic to Jac(Yη). The fibration J → C is called the associated Jacobian
fibration (to f : Y → C).
If Y is rational, then J is also rational [13, Proposition 5.6.1 (ii)] and one can prove the
following:
Theorem 3.4 ([13, Corollary 5.4.7]). Let J → P1 be a rational elliptic surface with section.
Given m ≥ 1 and a closed point p ∈ P1 such that Jp is of type In, 0 ≤ n ≤ 9, there exists a
rational elliptic surface Y → P1 of index m with unique multiple fiber Yp = mY p satisfying
Y p ≃ Jp. Moreover, [Y ] is an element of order m in H1(P1,J ), the group of isomorphism
classes of torsors over the generic fiber Jη.
Moreover, the Shioda-Tate formula (see e.g. [43, Corollary 6.13]) applied to the
associated Jacobian fibration J → P1 implies that the possible singular fibers occurring on
J (hence on Y ) can have at most 9 irreducible components. In particular, following
Kodaira’s classification, if F is a singular fiber of a rational elliptic surface Y → P1, then F
is of type In for n ≤ 9, II, III, IV, I∗n for n ≤ 4, II∗, III∗ or IV ∗. In fact, given any integer
m > 1 any type in this list can be realized by some rational elliptic surface Y → P1 of
index m. More precisely,
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Proposition 3.5 ([13, Corollary 5.6.6]). If Yp is a non-multiple fiber of a rational elliptic
surface Y → P1 of index m, then b2(Yp) ≤ 9 and any Kodaira type satisfying this condition
can be realized.
Such statement, however, does not provide explicit constructions, which we do in this
paper.
4. Halphen Pencils and Rational Elliptic Surfaces of index m
In this section we will establish a dictionary between the curves in a Halphen pencil and
the fibers in the corresponding rational elliptic surface. In particular, we will provide a
description of the singularities of a plane curve in a Halphen pencil. But first we need to
introduce some notations and deduce some equations.
We will fix a Halphen pencil of index m and we will denote it by P. The corresponding
rational elliptic surface will be denoted by f : Y → P1 and pi : Y → P2 will denote the
blow-up at the nine base points of P.
If F is any (non-multiple) fiber of Y we will denote by B the corresponding plane curve
of degree 3m, i.e. pi(F ). Further, mC will denote the unique multiple cubic of P and mE
will denote the unique multiple fiber of f .
Because −KY is nef, every smooth rational curve R on Y has self-intersection R2 ≥ −2
(adjunction formula). This implies we can write the set of base points of P as in [7, Section
2]:
(1) {P (1)1 , . . . , P (a1)1 , . . . , P (1)k , . . . , P (ak)k }
where a1 + . . . + ak = 9, P
(1)
j are points in P
2 and P
(i+1)
j is infinitely near to the previous
point P
(i)
j (of order 1).
Moreover, if C is smooth and we choose a flex point as the origin for the group law ⊕ on
C, then [7]:
a1P
(1)
1 ⊕ . . .⊕ akP (1)k = εm
where εm is a torsion point of order m in C (w.r.t ⊕).
Expressing the base points of P as in (1) is the same as saying that each exceptional curve
Ej
.
= pi−1(P
(1)
j )
consists of a chain of (−2) curves of length (aj − 1) with one more (−1) curve at the end of
the chain. The latter a multisection of degree m.
Thus, whenever we write
(2) F = F + d
(1)
1 E
(1)
1 + . . .+ d
(a1−1)
1 E
(a−1)
1 + . . .+ d
(1)
k E
(1)
k + . . .+ d
(ak−1)
k E
(ak−1)
k
where F denotes the strict transform of B under pi and each E
(i)
j is the pi-exceptional divisor
over the base point P
(i)
j ; we have the following (dual) picture for the components of Ej
appearing in the fiber F :
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d
(1)
j E
(1)
j d
(2)
j E
(2)
j
. . .
d
(aj−1)
j E
(aj−1)
j
Figure 1. Chains of exceptional rational curves appearing in F
Because the chains Ej are disjoint from each other, it follows that:
Lemma 4.1. If we color the nodes of the dual graph of F corresponding to the components
coming from B in blue and the nodes corresponding to the exceptional components d
(i)
j E
(i)
j
in black, then every black node is connected to at most two other black nodes.
This simple observation has some interesting consequences like Propositions 4.2 and 4.3
below. In Section 5 we also use Lemma 4.1 repeatedly in order to characterize which curves
B can yield a fiber of type II∗, III∗ or IV ∗ when m = 2.
Proposition 4.2. If F is of type II∗, III∗ or IV ∗, then B
.
= pi(F ) cannot be reduced.
Proof. If B were reduced, then coloring the dual graph of F as in Lemma 4.1 we would
obtain a black node which is connected to more than two black nodes. 
Proposition 4.3. If F is of type II∗, thenMB ≥ 3, whereMB denotes the largest multiplicity
of a component of B.
Proof. Again, we look at the dual graph of F . AssumingMB < 3 contradicts Lemma 4.1. 
Writing F as in (2) we can further deduce Equation (3) below, which computes the number
of components of F .
Proposition 4.4. If nF and nB denote the number of components of F and B, respectively,
then
(3) nF = nB +
k∑
j=1
(aj − 1)− nE\C = nB +
k∑
j=1
aj − k − nE\C = nB + 9− k − nE\C
where nE\C denotes the difference between the number of components of E and the number
of components of C.
The type of the multiple fiber mE imposes restrictions on the numbers nE\C appearing in
Equation 3 above. For instance, whenever m > 1 we have that
Lemma 4.5. If F is of type IV ∗, then nE\C ∈ {0, 1, 2} and if F is of type III∗ (resp. II∗),
then nE\C ∈ {0, 1} (resp. nE\C = 0).
Proof. If m > 1 and F is of type IV ∗, III∗ or II∗, then the classification in [36] tells us the
unique multiple fiber mE of Y can be realized as the strict transform of mC. If F is of type
IV ∗, then E is of type I0, I1, I2 or I3. Whereas if F is of type III
∗ (resp. II∗), then E is of
type I0, I1 or I2 (resp. I0 or I1). 
Remark 4.6. If m = 1 and B is any given curve in P, then we can always take the other
generator of P to be a smooth cubic. In particular, we can always assume that nE\C = 0 in
Equation (3).
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We can also write
KY = pi
∗KP2 + b
(1)
1 E
(1)
1 + . . .+ b
(a1)
1 E
(a1)
1 + . . .+ b
(1)
k E
(1)
k + . . .+ b
(ak)
k E
(ak)
k
and
pi∗B = F + c
(1)
1 E
(1)
1 + . . .+ c
(a1)
1 E
(a1)
1 + . . .+ c
(1)
k E
(1)
k + . . .+ c
(ak)
k E
(ak)
k
and we know how to compute each of the multiplicities b
(i)
j
.
= b
(i)
j (B), c
(i)
j
.
= c
(i)
j (B) and
d
(i)
j
.
= d
(i)
j (B) rather explicitly.
For any base point P
(1)
j , the induced pencil on the surface obtained by blowing-up P
(1)
j is
(pi
(1)
j )
∗P −mE(1)j
where pi
(1)
j is the blow-up map. In particular, given any curve B of P, the induced member
is
B
(1)
j + (mP (1)
j
(B)−m)E(1)j
where B
(1)
j is the strict transform of B under pi
(1)
j and mP (1)j
(B) denotes the multiplicity of
the point P
(1)
j on the curve B.
In other words, d
(1)
j = mP (1)j
(B)−m and, more generally,
d
(i)
j = d
(i−1)
j +mP (i)j
(B)−m
where m
P
(i)
j
(B) denotes the multiplicity of the point P
(i)
j on the strict transform of the curve
B under the blow-up of P
(1)
j , . . . , P
(i−1)
j .
On the other hand, we also know that c
(1)
j = mp(1)j
(B) and
(4) c
(i)
j = c
(i−1)
j +mP (i)j
(B) = m
P
(1)
j
(B) + . . .+m
P
(i)
j
(B)
Thus,
(5) d
(i)
j = c
(i−1)
j +mP (i)j
(B)− i ·m = c(i)j − i ·m = mP (1)j (B) + . . .+mP (i)j (B)− i ·m
In particular,
(6) d
(i)
j ≤ i · (mP (1)j (B)−m) ≤ i · 2m
And the condition d
(aj)
j = 0 implies
(7) m
P
(1)
j
(B) + . . .+m
P
(aj)
j
(B) = aj ·m
Therefore, whenever C is smooth at the base point P
(1)
j , using Noether’s formula [17] we
obtain
(8) I
P
(1)
j
(B,C) = aj ·m
where I
P
(1)
j
(B,C) denotes the intersection multiplicity of B and C at the point P
(1)
j .
Lastly, we have b
(i)
j = i for all j = 1, . . . k and i = 1, . . . , aj .
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4.1. The (unique) multiple cubic. The cubic C is smooth at every base point of P if and
only if pi restricts to an isomorphism E ≃ C. This implies any pi−exceptional curve must be
either a multisection or a component of F .
We also prove a partial converse of this statement:
Lemma 4.7. For any index m and any type of fiber we have
d
(1)
j > 0⇒ mP (1)j (mC) = m
That is, if the exceptional curve E
(1)
j appears as a component in F (with multiplicity d
(1)
j > 0)
then C is smooth at the point P
(1)
j .
Proof. If the exceptional curve E
(1)
j appears as a component in F , then mE
(1)
j cannot appear
as a component of the multiple fiber mE. Hence m
P
(1)
j
(mC)−m = 0. 
Corollary 4.7.1. If C is singular at a base point P
(1)
j , then mP (1)j
(B) = m. Moreover, at
the point P
(1)
j the curve B consists of a single component (branch) with multiplicity m.
Proof. It follows from Lemma 4.7 that if C is singular at a base point P
(1)
j , then E
(1)
j is not
a component of F , hence d
(1)
j = 0, which further implies mP (1)j
(B) = m. The last statement
is obvious, otherwise one would need to blow-up more than one point lying in E
(1)
j in order
to separate P. 
Since we are working over a field of characteristic zero, the unique multiple fiber mE can
only be of multiplicative type, i.e. of type In. If n ≤ 3, then mE can be realized as the
strict transform (under pi) of the unique multiple cubic mC. But if n > 3, then, necessarily,
C must be singular at a base point of P. In other words,
Lemma 4.8. If Y contains a multiple fiber of type In with 4 ≤ n ≤ 9, then C is singular at
a base point of P.
Proof. If C is smooth at every base point of P, then the corresponding multiple fiber on Y
is given by
mC +m ·
∑
i,j
(m
P
(i)
j
(C)− 1)E(i)j = mC
where C is the strict transform of C under pi and m
P
(i)
j
(C) = 1 is the multiplicity of P
(i)
j on
the strict transform of C under the blow-up of P
(1)
j , . . . , P
(i−1)
j . That is, the multiple fiber of
Y is simply given by the strict transform of mC. But each of the fibers In(4 ≤ n ≤ 9) have
at least four components and hence the corresponding multiple fiber cannot be realized as
strict transforms of a multiple cubic in the plane, a contradiction. 
When C is singular at a base point of P, it is also useful and interesting to understand
how singular it can be.
Proposition 4.9. For any index m we have that lct(P2, mC) =
1
m
.
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Proof. If C is irreducible, then there is nothing to prove. Otherwise, we claim that C
consists of either a conic and a line intersecting it transversally or three distinct lines in
general position (i.e. not concurrent at a point).
Clearly C cannot be non-reduced so we must exclude the following three cases:
(a) a cusp
(b) a conic and a tangent line
(c) three concurrent lines
Because the unique multiple fiber of Y can only be of type In, n ≤ 9, in any of the above
cases the singular point of C must be a base point of the pencil P. Moreover, since (c) can
be obtained as soon as one blow-up (of the tangency point) is performed in a cubic as in (b)
and, in turn, (b) can be obtained as soon as one blow-up (of the cusp) is performed in a cubic
as in (a), it suffices to consider only case (c). But blowing-up the concurrency point yields a
component with multiplicity 2m, which is an absurd. Such component is not a multisection
of degree m and it cannot be a component in the multiple fiber either. 
Proposition 4.10. If F is of type IV ∗ or III∗, then C is singular at most one base point
of P.
Proof. From the proof of Proposition 4.9 we know that C is reduced and either C is irreducible
or it consists of a conic and a line intersecting transversally or three lines in general position.
Moreover, from the classification in [36] we also know that if F is of type IV ∗ (resp. III∗),
then the multiple fiber mE can only be of type I0, I1, I2 or I3 (resp. I0, I1 or I2). Now, if C
were singular at more than one base point of P, then C would necessarily consist of a conic
and a line intersecting transversally and the two intersecting points would be base points of
P. But then we would need to blow-up each of those two points at least twice, which would
yield at least two more components in the multiple fiber. That is, mE would be of type In
with n ≥ 4, a contradiction. 
Remark 4.11. If F is of type II∗, then C must be smooth at every base point of P, because
E is of type I0 or I1 [36]. In particular, E (hence C) is irreducible, pi restricts to an
isomorphism E ≃ C and C cannot be singular at any base point of P.
4.2. The singularities of B and the log canonical threshold. We are now ready to
study the singularities of the curve B in terms of the type of the fiber F . We investigate
the multiplicities of B at the base points of P and we compute bounds for the log canonical
threshold of the pair (P2, B) by establishing some relations between the log canonical
thresholds of the pairs (Y, F ) and (P2, B).
We begin by proving the following Lemma:
Lemma 4.12. If P does not contain an infinitely near point as a base point (i.e aj = 1 for
all j = 1, . . . , k), then k = 9 and
F = F +
9∑
j=1
(m
P
(1)
j
(B)−m)E(1)j = F
Proof. If aj = 1 for all j = 1, . . . , k, then it is clear that k = 9, since a1 + . . . + ak = 9.
Moreover, 0 = d
(aj)
j = d
(1)
j = mP (1)
j
(B)−m for all j = 1, . . . , 9. 
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Corollary 4.12.1. Let SF denote the sum of all the multiplicities of the components of a
fiber F and let nF denote the number of its components. If either SF > 3m or nF > 3m,
then P must contain an infinitely near point as a base point. In particular, there exists some
1 ≤ j ≤ k so that aj > 1 and d(1)j ≥ 1.
Proof. If P does not contain an infinitely near point as a base point, then Lemma 4.12 tells us
F is the strict transform of a member of P, which implies both SF ≤ 3m and nF ≤ 3m. 
Corollary 4.12.2. Using the same notations as in Corollary 4.12.1, if a fiber F is such that
SF > 3m or nF > 3m, then there exists a base point P
(1)
j in P such that mP (1)
j
≥ m+ 1.
Proof. By Corollary 4.12.1 there exists some j so that d
(1)
j ≥ 1 and the result follows from
the equality d
(1)
j = mP (1)j
(B)−m. 
We also prove the following:
Lemma 4.13. Every base point P
(1)
j of P is such that mP (1)j (B) ≤ min{MF +m, 3m}, where
MF denotes the largest multiplicity of a component of F .
Proof. If follows from the fact that B has degree 3m, d
(1)
j = mP (1)j
(B)−m and d(1)j ≤MF . 
Corollary 4.13.1. If F is non-reduced and m ≤ MF , then every base point P (1)j of P is
such that m
P
(1)
j
≤ 2MF .
Proposition 4.14. If F is reduced, then B is reduced and,
1
m+ 1
< lct(P2, B) = min
{
lct
P
(1)
j
(P2, B), lct(Y, F )
}
≤ lct(Y, F ) ≤ lct(Y, F )
Proof. We first show the equality. We have that lct(P2, B) = min
P
{lctP (P2, B)}, where P
runs over the singular points of B. But any singular point of B is either a base point of
P of it is not a base point and hence it must satisfy lctP (P2, B) = lctP (Y, F ). Moreover,
lctP (Y, F ) = lct(Y, F ), because either F is of type II, III or IV and F contains a unique
singular point, namely (the strict transform of) P ; or F is of type In, 1 ≤ n ≤ 9 and every
singular point of F is an ordinary node and we have that lctP (Y, F ) = lct(Y, F ) = 1.
Now, because F is reduced we have
1
m+ 1
≤ 1
2
< lct(Y, F )
On the other hand, for any j we can find some i so that
lct
P
(1)
j
(P2, B) =
1 + b(i)
c
(i)
j
=
1 + i
c
(i)
j
≥ 1 + i
i ·m+ 1 >
1
m+ 1
where we have used Equation (5) together with the fact that each d
(i)
j satisfies d
(i)
j ≤ 1. More
precisely,
c
(i)
j = mP (1)
j
+ . . .+m
P
(i)
j
= i ·m+ d(i)j ≤ i ·m+ 1
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Finally, it is clear that (see e.g. [30, Theorem 8.20]) lct(Y, F ) ≤ lct(Y, F ) because
F = F +
∑
i,j
d
(i)
j E
(i)
j

Proposition 4.15. If m > 1 and F is reduced, then lct(P2, B) >
1
m
.
Proof. It follows from the proof of Proposition 4.14 by observing that lct(Y, F ) >
1
2
≥ 1
m
and
1 + i
i ·m+ 1 >
1
m

Proposition 4.16. If F is non-reduced and m ≤ MF , where MF denotes the largest
multiplicity of a component of F , then
lct(Y, F ) ≤ lct(P2, B) ≤ lct(Y, F )
Proof. If F is non-reduced, then pi : Y → P2 is a log resolution of the pair (P2, B) (see
Definition 2.2). It follows from Lemma 2.6 that
(9) lct(P2, B) = min
i,j
{
1 + b
(i)
j
c
(i)
j
,
1
MB
}
≤ 1
MB
= lct(Y, F )
where MB denotes the largest multiplicity of a component of B.
If lct(P2, B) = 1/MB there is nothing to prove, since MB ≤MF and lct(Y, F ) = 1/MF .
Thus, assume there exists some i and some j such that
lct(P2, B) =
1 + b
(i)
j
c
(i)
j
<
1
MF
≤ 1
MB
If i = 1, then
1 + b
(i)
j
c
(i)
j
=
2
m
P
(1)
j
<
1
MF
⇐⇒ m
P
(1)
j
> 2MF
which contradicts Corollary 4.13.1.
Similarly, if i = 2, then
1 + b
(i)
j
c
(i)
j
=
3
m
P
(1)
j
+m
P
(2)
j
<
1
MF
⇐⇒ m
P
(1)
j
+m
P
(2)
j
> 3MF
but m
P
(1)
j
+m
P
(2)
j
= d
(2)
j + 2m ≤MF + 2m ≤ 3MF
Otherwise, using Equation 5, we can write c
(i)
j = d
(i)
j + i ·m. Then,
1 + b
(i)
j
c
(i)
j
=
1 + b
(i)
j
d
(i)
j + i ·m
<
1
MF
⇐⇒ MF (1 + b(i)j ) < d(i)j + i ·m
⇐⇒ MF (1 + i) < d(i)j + i ·m
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which is a contradiction because MF ≥ d(i)j and MF ≥ m. 
Remark 4.17. Note that Equation (9) in the proof of Proposition 4.16 holds for any index
m. In particular, if F is of type I∗n, II
∗, III∗ or IV ∗, then we also have that (see e.g. [10])
1
m
P
(1)
jmax
≤ lct(P2, B)
where m
P
(1)
jmax
.
= max
j
m
P
(1)
j
(B).
Then Propositions 4.2 and 4.3 allow us to further prove:
Proposition 4.18. For any index m we have lct(Y, F ) ≤ 2lct(Y, F ).
Proof. By contradiction, assume 1/MB > 2lct(Y, F ). If F does not contain a component
with multiplicity ≥ 3, then 2lct(Y, F ) ≥ 1 and we conclude MB < 1, a contradiction. If F
is of type III∗ or IV ∗, then B must be reduced (i.e., MB = 1) and if F is of type II
∗, then
we conclude MB < 3, contradicting Propositions 4.2 and 4.3. 
Remark 4.19. Note that when F is of type II∗, III∗ or IV ∗, then the inequality 1/MB ≤
2lct(Y, F ) implies Propositions 4.2 and 4.3.
In particular, combining Propositions 4.14, 4.16 and 4.18 we obtain:
Corollary 4.19.1. For any index m we have lct(P2, B) ≤ 2lct(Y, F ).
5. The curve B when F is of type II∗, III∗ or IV ∗
We will now assume m = 2 and P is a Halphen pencil of index two and we will only
consider fibers F of type II∗, III∗ and IV ∗. The results obtained in the previous sections
allow us to completely characterize which sextics can and which cannot yield these types of
fiber.
We adopt the same notations as in Section 4 and our strategy can be summarized as
follows: given F we know the number of its components nF . Assuming we also know the
number nB of components of B we can compute k, the number of base points
2 in B, from
Equation 3, which we recall next
nF = nB + 9− k − nE\C
and Lemma 4.5, where nE\C denotes the difference between the number of components of E
and the number of components of C.
There are exactly k − nE\C disjoint chains of rational curves in F as in Figure 1. And,
moreover, together with the strict transform of B under pi these are all the components of
F . Thus, analyzing how the dual graph of F must look like we can decide whether the
components coming from B and these chains could possibly yield the given fiber.
The desired configuration of rational curves imposes restrictions on how the curves B and
C can intersect and how the components of B must intersect. Since B and C can only
intersect at base points of P we can use Equation (8), which we also recall below
I
P
(1)
j
(B,C) = aj ·m
2not counting infinitely near points
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The desired configuration also imposes restrictions on the multiplicities d
(1)
j of the
components E
(1)
j appearing in F . Recall we have (Equation (5))
d
(1)
j = mP (1)j
(B)− 2
In particular, we know what m
P
(1)
j
(B), the multiplicity of B at the base point P
(1)
j , must be.
Moreover, every time we consider the dual graph of F we can color the components coming
from B in blue and in black we indicate the missing components as in Lemma 4.1. Then
the possible configurations are those where the components in black are arranged in exactly
k−nE\C disjoint chains as in Figure 1. In particular, every black node can only be connected
to at most two other black nodes (Lemma 4.1).
These considerations not only give us an algorithm to decide whether a sextic B can yield
the desired type of fiber but they also give us an algorithm to construct all possible examples
for a given type of fiber, which we do in Section 6.
5.1. Non-Examples.
Proposition 5.1. If F is of type II∗, then B does not consist of any of the following curves:
(i) a line with multiplicity 6
(ii) a line with multiplicity four and a double line
(iii) a triple line, a double line and another line
Proof. If B = 6L, where L is a line, then Equation (3) implies k = 1. And pi consists of
blowing-up a single point P1 in B nine times. In particular, L must be an inflection line of
C, with the flex at P1. But then blowing-up P
2 at the nine base points P
(1)
1 , . . . , P
(9)
1 of P
would yield a (dual) configuration of rational curves in F , which is different from the (affine)
Dynkin diagram E˜8, the dual graph of a fiber of type II
∗.
If B consists of a line with multiplicity 4 and another line with multiplicity 2 and F is of
type II∗, then nF = 9, BB = 2, nE\C = 0, hence k = 2 and the only possible picture is the
following one:
3
2 4 6 5 4 3 2 1
In particular, up to relabeling, pi is the blow-up of P2 at the nine points P
(1)
1 , . . . , P
(8)
1 , P
(1)
2
and, moreover, the two lines do not intersect at a base point of P.
But C must intersect each of the two lines at least once (at a base point) and k = 2.
So both lines must be inflection lines of C. In particular, we need to blow-up each of the
base points at least three times in order to separate P. That is, a1 ≥ 3 and a2 ≥ 3, a
contradiction.
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Finally, if B consists of a triple line, a double line and another line, it follows from Equation
(3) that k = 3 and pi is the blow-up of P2 at the nine points
P
(1)
1 , . . . , P
(a1)
1 , P
(1)
2 , . . . , P
(a2)
2 , P
(1)
3 , . . . , P
(a3)
3
If we consider the dual graph of F , the picture must be one of the following:
3
2 4 6 5 4 3 2 1
3
2 4 6 5 4 3 2 1
If either the line with multiplicity three is not an inflection line of C or the three lines
are not concurrent at a base point, then we need to blow-up at least two points lying in
the triple line and, in order to separate P, we need to blow-up each of these points at least
twice. This means that in F we would have at least two disjoint chains connected to the
blue component of multiplicity 3, where each chain has length ≥ 1, excluding both pictures.
Thus, the only possibility is for the line with multiplicity three to be an inflection line of C
and for the three lines to be concurrent at a base point, which excludes the second picture.
It is routine to check that this case does not yield the first picture either. 
Proposition 5.2. If F is of type III∗, then B does not consist of a double line and a
(rational) quartic.
Proof. By contradiction, assume B = 2L+Q, where L is a line and Q is a rational quartic.
Then from Equation (3) and Lemma 4.5 we know that either k = 3 (nE\C = 0) or k = 2
(nE\C = 1). In any case, considering the dual graph of F , we conclude the picture must be
the following one:
2
1 2 3 4 3 2 1
Thus, up to relabeling, we have that Q ∩ L = {P (1)1 } and we also have that either a1 = 7
and a2 = a3 = 1 (k = 3) or a1 = 7 and a2 = 2 (k = 2). Moreover, if the former holds then
d
(7)
1 = d
(1)
2 = d
(1)
3 = 0 and if the latter holds, then d
(7)
1 = d
(1)
2 = d
(2)
2 = 0.
In any case we know from Equation (8) that we must have
(10) I
P
(1)
1
(B,C) = a1 ·m = 14
and since I
P
(1)
1
(B,C) = I
P
(1)
1
(Q,C) + 2I
P
(1)
1
(L,C), it follows that if k = 3, then either
• I
P
(1)
1
(Q,C) = 12 and I
P
(1)
1
(L,C) = 1 or
• I
P
(1)
1
(Q,C) = 10 and I
P
(1)
1
(L,C) = 2 or
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• I
P
(1)
1
(Q,C) = 8 and I
P
(1)
1
(L,C) = 3
The conclusion is that Q must be singular at P
(1)
1 because Q must be rational and any
other base point lying in Q must be an ordinary double point. Note that there is only one
chain of exceptional curves intersecting the reduced component in blue.
But if Q is singular at P
(1)
1 , then mP (1)1
(B) > 3, hence d
(1)
1 > 1. From the picture, this
further implies we have d
(1)
1 = 2 and E
(1)
1 meets the strict transform of Q under pi. The
only possibility then is for E
(6)
1 to appear with multiplicity one in F and we must have
E
(6)
1 ·E(7)1 = 2. But the two curves meet transversally at a single point.
Finally, if k = 2 then there are no other base points lying in neither Q nor L (besides P
(1)
1 ).
Thus, the intersection multiplicity of Q (resp. L) and C at P
(1)
1 is twelve (resp. three). But
then
I
P
(1)
1
(B,C) = I
P
(1)
1
(Q,C) + 2I
P
(1)
1
(L,C) = 18
contradicting Equation 10. 
Proposition 5.3. If F is of type III∗, then B does not consist of a double line and two
conics.
Proof. By contradiction, assume B = Q1 +Q2 +2L, where the Qi are conics and L is a line.
Then from Equation (3) and Lemma 4.5 we know that either k = 4 (nE\C = 0) or k = 3
(nE\C = 1). In any case the picture of the dual graph of F must be:
2
1 2 3 4 3 2 1
Thus, up to relabeling , all the curves Q1, Q2 and L must intersect at the base point P
(1)
1
and we have that L∩Q1 = L∩Q2 = {P (1)1 } that is, L is tangent to both Q1 and Q2 at P (1)1
so Q1 and Q2 must be tangent at P
(1)
1 .
It is routine to check that blowing-up P
(1)
1 , . . . , P
(6)
1 does not yield the desired chain of
exceptional curves. Therefore, we do not obtain a fiber of type III∗.

Proposition 5.4. If F is of type III∗, then B does not consist of a double conic and a
double line.
Proof. By contradiction, assume B = 2Q+2L, where Q is a conic and L is a line. Then from
Equation (3) and Lemma 4.5 we know that either k = 3 (nE\C = 0) or k = 2 (nE\C = 1). In
any case the picture of the dual graph of F must be the following one:
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2
1 2 3 4 3 2 1
Thus, up to relabeling we have d
(1)
1 ≥ 1 and d(1)2 ≥ 1. Since k = 2 would imply a1 = 6 and
a2 = 3 we see that we must have k = 3 and a1 = 6, a2 = 2, a3 = 1. Moreover, L must be
tangent to Q at P
(1)
1 . Otherwise, E
(1)
1 would appear with multiplicity 2 in F , but the picture
tells us such curve appears with multiplicity 3 since d
(1)
1 = mP (1)1
(B)− 2 ≥ 2.
It is routine to check that blowing-up P
(1)
1 , . . . , P
(6)
1 does not yield the desired chain of
exceptional curves. Thus, we do not obtain a fiber of type III∗. 
Proposition 5.5. If F is of type III∗, then B does not consist of a double conic and two
lines.
Proof. By contradiction, assume B = 2Q+L1 +L2, where Q is a conic and each Li is a line.
Then from Equation (3) and Lemma 4.5 we know that either k = 4 (nE\C = 0) or k = 3
(nE\C = 1). In any case, considering the dual graph of F , the picture must be:
2
1 2 3 4 3 2 1
Therefore, up to relabeling, we have that either a1 = 6 and a2 = a3 = a4 = 1 (k = 4) or
a1 = 6, a2 = 2 and a3 = 1 (k = 3). If the former holds, then d
(1)
2 = d
(1)
3 = d
(1)
4 = 0 and if
the latter holds, then d
(1)
2 = d
(2)
2 = d
(1)
3 = 0. But then, in any case, we must have that both
Q ∩ L1 = {P (1)1 } and Q ∩ L2 = {P (1)1 }. That is, L1 and L2 are both tangent lines to Q at
P
(1)
1 , which is an absurd. 
Proposition 5.6. If F is of type III∗, then B does not consist of two double lines and a
conic.
Proof. By contradiction, assume B = 2L1+2L2+Q, where each Li is a line and Q is a conic.
Then from Equation (3) and Lemma 4.5 we know that either k = 4 (nE\C = 0) or k = 3
(nE\C = 1). In both cases the picture of the dual graph of F must be one of the following:
2
1 2 3 4 3 2 1
2
1 2 3 4 3 2 1
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If we have the first configuration (from the left to the right), then, up to relabeling, we
have that L1 ∩ L2 = {P (1)1 }, P (1)1 /∈ Q and we know from Equation (8) that the intersection
multiplicity of B and C at P
(1)
1 is equal to
I
P
(1)
1
(B,C) = 2I
P
(1)
1
(L1, C) + 2IP (1)1
(L2, C) = a1 ·m = 12
Thus, it must be the case that I
P
(1)
1
(L1, C) = IP (1)1
(L2, C) = 3. That is, both L1 and L2 are
inflection lines of C at P
(1)
1 , which is an absurd.
Now, if we have the second configuration, then up to relabeling, L1∩L2 = {P (1)1 }, we have
P
(1)
1 ∈ Q and there are at most two base points lying in Q. Thus, one of the lines, say L1,
must be tangent to Q at P
(1)
1 and since both lines cannot be tangent to Q at P
(1)
1 we must
have P
(1)
2 ∈ Q, IP (1)2 (Q,C) = 2 and IP (1)1 (Q,C) = 4.
Now, Equation (8) gives the intersection multiplicity of B and C at P
(1)
1 is equal to
I
P
(1)
1
(B,C) = I
P
(1)
1
(Q,C) + 2I
P
(1)
1
(L1, C) + 2IP (1)1
(L2, C) = a1 ·m = 12
and it follows that I
P
(1)
1
(L1, C) = 3 and IP (1)1
(L2, C) = 1, since L2 cannot be tangent to C at
P
(1)
1 . It is routine to check that blowing-up P
(1)
1 , . . . , P
(5)
1 does not yield the desired chain of
exceptional curves.

Proposition 5.7. If F is of type III∗, then B does not consist of three double lines.
Proof. By contradiction, assume B = 2L1 + 2L2 + 2L3, where each Li is a line. The picture
of the dual graph of F can only be:
2
1 2 3 4 3 2 1
Thus, the three lines L1, L2 and L3 must be concurrent at the base point P
(1)
1 . But if that
is the case, then E
(1)
1 would appear with multiplicity 4 in F .

Proposition 5.8. If F is of type III∗, then B does not consist of two double lines and two
other lines.
Proof. By contradiction, assume B = 2L1 + 2L2 + L3 + L4, where each Li is a line. If we
consider the dual graph of F , the picture is the following one:
2
1 2 3 4 3 2 1
EXPLICIT CONSTRUCTIONS OF HALPHEN PENCILS 21
In particular, up to relabeling, the two double lines together with one of the other lines,
say L3, must be concurrent at the point P
(1)
1 and, further, C must be smooth at P
(1)
1 , since
d
(1)
1 > 0 (see Lemma 4.7).
In particular, Equation (8) gives us
(11) I
P
(1)
1
(B,C) = a1 ·m = 10
where I
P
(1)
1
(B,C) denotes the intersection multiplicity of B and C at the point P
(1)
1 , but
I
P
(1)
1
(B,C) = 2I
P
(1)
1
(L1, C) + 2IP (1)1
(L2, C) + IP (1)1
(L3, C) ≤ 2 · 3 + 1 + 1 = 8
contradicting Equation 11.

Proposition 5.9. If F is of type III∗, then B does not consist of a line with multiplicity
four and a double line.
Proof. By contradiction, assume B = 4L + 2L′, where L and L′ are two distinct lines. It
follows from Equation (3) and Lemma 4.5 that either k = 3 (nE\C = 0) or k = 2 (nE\C = 1).
Thus, if we look at the dual graph of F , the picture is:
2
1 2 3 4 3 2 1
and the two lines do not intersect at a base point of P. In particular, up to relabeling,
we have P
(1)
1 , P
(1)
2 ∈ L and P (1)1 , P (1)2 /∈ L′. So that the equality d(1)j = mP (1)j (B)− 2 implies
both E
(1)
1 and E
(1)
2 appear with multiplicity 2 in F , a contradiction. 
Lemma 5.10. Let C : c = 0 be a smooth cubic. Let P ∈ C be a flex point and let L : l = 0
be the corresponding inflection line. If Q : q = 0 is a quartic such that IP (Q,L) = 3, then
q = lc′ − l′c
where c′ has degree three and P does not lie in the line l′ = 0.
Proof. We can choose coordinates in P2 so that C is the cubic y2z − x(x− z)(x− α · z) = 0
for some a ∈ C\{0, 1}. Then we can assume P is the point (0 : 1 : 0) and L is the line z = 0.
Since IP (Q,L) = 3 we have that q(x, y, 0) = αx
4 + βx3y for some α, β ∈ C with β 6= 0.
Letting q′(x, y, z) be the polynomial
q + (αx+ βy + γz)(y2z − x(x− z)(x− a · z))
it follows that q′(x, y, 0) = 0.
Thus, there exists c′ a polynomial of degree three such that q′ = lc′. Letting l′ be the line
αx+ βy + γz = 0 it follows that
q = lc′ − l′c
and p is not a point in the line l′ = 0, since β 6= 0. 
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Corollary 5.10.1. Let Q,C, L and P be as in Lemma 5.10. If IP (Q,C) = 6, then
c′ = lq′′ − c
where q′′ has degree two and does not vanish on P .
Proof. Since we can write q = lc′ − l′c, the condition IP (Q,C) = 6 implies Ip(C ′, C) = 3,
where C ′ is the cubic c′ = 0. Thus, c′(x, y, 0) = αx3 for some α 6= 0 and, up to a change
of coordinates we can assume α = 1. Letting c′′ be the polynomial c′ + c, it follows that
c′′(x, y, 0) = 0. And we conclude there exists q′′ a polynomial of degree two such that
c′′ = lq′′. By assumption, such polynomial cannot vanish on P . 
Combining Lemma 5.10 and Corollary 5.10.1 we obtain:
Corollary 5.10.2. Let Q,C, L and P be as in Lemma 5.10. If IP (Q,C) = 6, then
q = l2q′′ − (l′ + l)c
Corollary 5.10.3. Let C,L and P be as in Lemma 5.10. The space of quartics Q such that
IP (Q,L) = 3 and IP (Q,C) = 6 has dimension eight.
Proof. It follows from the proofs of Lemma 5.10 and Corollary 5.10.1 (or Corollary 5.10.3).
The quartic Q is determined by 9 coefficients (the coefficients of q′′ and the coefficients of
l′). 
Lemma 5.11. Let C : c = 0 be a smooth cubic. Let P ∈ C be a flex point and let L : l = 0 be
the corresponding inflection line. Choose three distinct points in C, say P1, P2, P3 different
from p. There does not exist a quartic Q with nodes at P1, P2, P3 and such that IP (Q,L) = 3
and IP (Q,C) = 6.
Proof. By Corollary 5.10.3, the space of quartics Q satisfying the conditions IP (Q,L) = 3
and IP (Q,C) = 6 has dimension eight. Asking for Q to have nodes at three points imposes
nine more conditions. Alternatively, one can check that a quartic with equation in the form
of Corollary 5.10.2 does not have three nodes. 
Proposition 5.12. If F is of type IV ∗, then B does not consist of a double line and a
rational quartic.
Proof. If B consists of a double line and a rational quartic and F is of type IV ∗, then the
picture of the dual graph of F is one of the following:
1
2
1 2 3 2 1
1
2
1 2 3 2 1
In any case one can deduce the rational quartic must have three nodes from how the curves
B and C must intersect.
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In the first picture (from the left to the right ), we can show that the quartic must
intersect C at a flex point with multiplicity 6 and the corresponding inflection line (of C)
must intersect the quartic at the flex with multiplicity three; and at a fourth point which
is not in C. Thus, all the missing base points must lie in the quartic, but not in the line.
Since the quartic is reduced these points must be ordinary double points. In particular, up
to relabeling, a1 = 6, a2 = a3 = a4 = 1.
Similarly, in the second picture the quartic must intersect C at a flex point with multiplicity
4 and the corresponding inflection line (of C) must intersect the quartic at the flex with
multiplicity three; and at a fourth point where the quartic is tangent to C with multiplicity
two. Again, we conclude the missing base points must be ordinary double points. But then,
up to relabeling, we would have a1 = 5, a2 = 2, a3 = a4 = a5 = 1, contradicting the fact that∑
ai = 9.
Thus, the only possible picture is the first one. Since Equation (3) tells us C must be
smooth, the result follows from Lemma 5.11. 
Proposition 5.13. If F is of type IV ∗, then B does not consist of three double lines.
Proof. If B consists of three double lines and F is of type IV ∗, then the picture of the dual
graph of F is the following one:
1
2
1 2 3 2 1
Thus, up to relabeling, the three lines must be concurrent at the base point P
(1)
1 . But then
d
(1)
1 = mP (1)1
(B)−2 = 4 and E(1)1 appears with multiplicity four in F , which is an absurd. 
Proposition 5.14. If F is of type IV ∗, then B does not consist of a double conic and a
double line.
Proof. If B consists of a double conic and a double line and F is of type IV ∗, it follows
from Equation (3) and Lemma 4.5 that either k = 4 (nE\C = 0), or k = 3 (nE\C = 1), or
k = 2 (nE\C = 2). Since the picture of the dual graph of F can only be the following one:
1
2
1 2 3 2 1
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we must have k = 4 and, up to relabeling, a1 = 4, a2 = 2, a3 = 2 and a4 = 1. Moreover,
since the two blue components do not intersect, any intersection point between the line and
the conic must be a base point of P. But then for at least some j = 1, . . . , 4 we must have
d
(1)
j = mP (1)j
(B)− 2 = 2, which implies E(1)j must appear with multiplicity 2 in F . Thus, we
cannot possibly obtain the desired type of fiber.

5.2. All possible examples. At last we can completely characterize the curve B whenever
F is of type II∗, III∗ or IV ∗.
When F is of type II∗ the characterization is as follows:
Theorem 5.15. If F is of type II∗, then the sextic B consists of one of the following
(non-reduced) curves:
(i) a triple conic (Example 7.55)
(ii) a nodal cubic and an inflection line, with the line taken with multiplicity three (Example
7.57)
(iii) two triples lines (Example 7.56)
(iv) a conic and a tangent line, with the line taken with multiplicity four (Example 7.58)
(v) a line with multiplicity five and another line (Example 7.59)
Proof. A fiber of type II∗ has exactly two components with multiplicity three, two
components with multiplicity two and only one component with multiplicity one. Thus,
combining Propositions 4.2, 4.3 and 5.1 we conclude the only possibilities for B are the
ones listed above.
If B consists of a nodal cubic and a triple line, then the line must be an inflection line
of the cubic because of the following reasoning. From Equation (3) we know that k = 2 so
we need to blow-up exactly two points in B. But all the components of F are supported
in smooth curves so we also know that we have to blow-up the node. That is, the node is
a base point. But then the second base point must lie in both the triple line and the cubic
and that must be their only intersection point.
Similarly, in case (iv) we can deduce how the components of B must intersect from
Equations (3) and (8), the dual graph of F and Lemma 4.1. 
When F is of type III∗ we obtain the following description for the curve B:
Theorem 5.16. If F is of type III∗, then B consists of one of the following curves:
(i) a double line, a cubic and another line (Example 7.45)
(ii) a double conic and another conic (Example 7.46)
(iii) a triple conic (Example 7.47)
(iv) two triple lines (Example 7.48)
(v) a triple line, a double line and another line (Examples 7.49 and 7.50 )
(vi) a triple line, a conic and a line (Example 7.51)
(vii) a triple line and a cubic (Example 7.52)
(viii) a conic and a line, with the line taken with multiplicity four (Example 7.53)
(ix) a line with multiplicity four and two other lines (Example 7.54)
Proof. It follows from Propositions 4.2 and 5.2 through 5.9.

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Finally, when F is of type IV ∗ the description for the curve B is as follows:
Theorem 5.17. If F is of type IV ∗, then B consists of one of the following curves:
(i) a double conic and a conic (Example 7.33)
(ii) a double line, a conic and two lines (Example 7.34)
(iii) a double line, a cubic and a line (Example 7.35)
(iv) a double line and two conics (Example 7.36)
(v) two double lines and two lines (Example 7.37)
(vi) two double lines and a conic (Example 7.38)
(vii) a double conic and two lines (Example 7.39)
(viii) a triple conic (Example 7.40)
(ix) a triple line, a conic and a line (Example 7.41)
(x) a triple line, a double line and another line (Example 7.42)
(xi) a triple line and three lines (Example 7.43)
(xii) a triple line and a cubic (Example 7.44)
Proof. Combining Propositions 4.2, 5.12,5.13 and 5.14we conclude the only possibilities for
B are the ones listed above.

In Sections 6 and 7 we show the converse statements of Theorems 5.15, 5.16 and 5.17 also
hold. More precisely, we explicitly construct Halphen pencils of index two, λB+µ(2C) = 0,
where B is one of the possible curves we have listed and the corresponding (non-multiple)
fiber is of type II∗, III∗ or IV ∗.
6. Constructions of Halphen Pencils of index two
Following the algorithm outlined in the previous section, for each of the types of singular
fibers that occur (see Proposition 3.5) we can construct explicit examples of a rational elliptic
surface f : Y → P1 of index m = 2 having that type of singular fiber. In view of Proposition
3.2, these are obtained by explicitly constructing the corresponding Halphen pencils P.
We use the same notations as in Section 4. In particular P is the pencil3 λB+µ(2C) = 0,
where C is the unique cubic through the nine base points and B corresponds to a (non-
multiple) singular fiber F of f having the desired Kodaira type. We further assume C is
smooth at a base point and use an additive notation when referring to both the components
of a curve in the pencil P and the components of the corresponding fiber.
All the information we need to completely characterize P, hence Y , can be encoded into
some numerical data that we describe next.
From Proposition 3.2 we know that we obtain the rational elliptic surface Y from P by
blowing-up P2 at its nine base points P
(1)
1 , . . . , P
(a1)
1 , . . . , P
(1)
k , . . . , P
(ak)
k . We call the k−uple
(a1, . . . , ak) the characteristic sequence of Y (and/or P), where the choice of name is
borrowed from [32].
Now, the curve B has nB components, where nB satisfies Equation (3), and since each of
these components appears with a certain multiplicity, we can associate to it a multiplicity
sequence (m1 − d1, . . . , mnB − dnB). And we simply mean that we can write
B = m1B1 + . . .+mnBBnB
3with the exception of Example 7.26
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where each Bi is a reduced and irreducible curve of degree di and mi is its multiplicity in B.
For instance, if B consists of a double line and two conics, then B has a multiplicity
sequence (2 − 1, 1 − 2, 1 − 2). It also has (1 − 2, 2 − 1, 1 − 2) as a multiplicity sequence as
well as (1− 2, 1− 2, 2− 1). Any choice is fine.
Once we choose a multiplicity sequence it is relevant to consider the intersection
multiplicity of the components of B and C at a base point P
(1)
j and record these numbers
by arranging them in a matrix.
Given a Halphen pencil P generated by B = m1B1 + . . .+mnBBnB and 2C we define its
intersection matrix as the nB × k matrix A = (aij) whose entries aij are given precisely
by the intersection multiplicities of miBi and C at the point P
(1)
j .
These three numerical data (the multiplicity and characteristic sequences and the
intersection matrix) allows us to present all of our constructions4 in Tables 2 through 8
below. A much more detailed geometric description of the constructions is given in the
next section.
Type
of
Fiber
lct(P2, B)
Multiplicity
Sequence
Characteristic
Sequence
Intersection
Matrix
Example
I7
2
3
(1− 1, . . . , 1− 1)︸ ︷︷ ︸
6
(2, 1, . . . , 1︸ ︷︷ ︸
7
)


1 0 0 0 1 1 0 0
2 0 0 1 0 0 0 0
1 0 1 0 0 0 0 1
0 0 0 0 1 0 1 1
0 1 1 1 0 0 0 0
0 1 0 0 0 1 1 0

 7.11
I8
2
3
(1− 1, . . . , 1− 1)︸ ︷︷ ︸
6
(2, 2, 1, . . . , 1︸ ︷︷ ︸
5
)


1 1 0 0 1 0 0
1 0 0 1 0 1 0
2 0 1 0 0 0 0
0 0 0 0 1 1 1
0 2 0 0 0 0 1
0 1 1 1 0 0 0

 7.12
I9
2
3
(1− 1, . . . , 1− 1)︸ ︷︷ ︸
6
(2, 2, 2, 1, 1, 1)


2 0 1 0 0 0
1 0 0 1 1 0
1 1 0 0 0 1
0 1 1 0 1 0
0 0 2 0 0 1
0 2 0 1 0 0

 7.13
Table 2. Examples yielding a fiber of type I7, I8 or I9
4with the exception of Example 7.26
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Type
of
Fiber
Multiplicity
Sequence
Characteristic
Sequence
Intersection
Matrix
Example
I1
(1− 6) (1, 1, . . . , 1)︸ ︷︷ ︸
9
(
2 2 · · · 2) 7.1
I2
(1− 3, 1− 3) (1, 1, . . . , 1)︸ ︷︷ ︸
9
(
1 1 · · · 1
1 1 · · · 1
)
7.3
(1− 4, 1− 2) (1, 1, . . . , 1)︸ ︷︷ ︸
9
(
1 1 · · · 1
1 1 · · · 1
)
7.4
(1− 5, 1− 1) (1, 1, . . . , 1)︸ ︷︷ ︸
9
(
1 1 · · · 1
1 1 · · · 1
)
7.5
I3
(1− 2, 1− 2, 1− 2) (1, 1, . . . , 1)︸ ︷︷ ︸
9

1 1 1 1 1 1 0 0 01 1 1 0 0 0 1 1 1
0 0 0 1 1 1 1 1 1

 7.6
(1− 4, 1− 1, 1− 1) (1, 1, . . . , 1)︸ ︷︷ ︸
9

2 2 2 1 1 1 1 1 10 0 0 1 1 1 0 0 0
0 0 0 0 0 0 1 1 1

 7.7
(1− 3, 1− 2, 1− 1) (1, 1, . . . , 1)︸ ︷︷ ︸
9

2 1 1 1 1 1 1 1 00 1 1 1 1 1 0 0 1
0 0 0 0 0 0 1 1 1

 7.8
I4
(1− 3, 1− 1, 1− 1, 1− 1) (1, 1, . . . , 1)︸ ︷︷ ︸
9


2 1 1 1 1 1 1 1 0
0 1 1 0 0 0 0 0 1
0 0 0 1 1 0 0 0 1
0 0 0 0 0 1 1 1 0

 7.9
(1− 2, 1− 2, 1− 1, 1− 1) (1, 1, . . . , 1)︸ ︷︷ ︸
9


1 1 1 1 1 1 0 0 0
1 1 1 1 0 0 1 1 0
0 0 0 0 0 1 1 0 1
0 0 0 0 1 0 0 1 1

 7.10
Table 3. Examples yielding a fiber of type In, n ≤ 4
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Type
of
Fiber
lct(P2, B)
Multiplicity
Sequence
Characteristic
Sequence
Intersection
Matrix
Example
II
5
6
(1− 6) (1, . . . , 1︸ ︷︷ ︸
9
)
(
2 2 · · · 2) 7.14
III
3
4
(1− 3, 1− 3) (1, . . . , 1︸ ︷︷ ︸
9
)
(
2 1 1 1 1 1 1 1 0
0 1 1 1 1 1 1 1 2
)
7.15
3
4
(1− 4, 1− 2) (1, . . . , 1︸ ︷︷ ︸
9
)
(
2 2 2 1 1 1 1 1 1
0 0 0 1 1 1 1 1 1
)
7.16
3
4
(1− 5, 1− 1) (1, . . . , 1︸ ︷︷ ︸
9
)
(
2 2 2 2 2 2 1 1 1
0 0 0 0 0 0 1 1 1
)
7.17
IV
2
3
(1− 2, 1− 2, 1− 2) (1, . . . , 1︸ ︷︷ ︸
9
)

1 1 1 1 1 1 0 0 01 1 1 0 0 0 1 1 1
0 0 0 1 1 1 1 1 1

 7.18
2
3
(1− 4, 1− 1, 1− 1) (1, . . . , 1︸ ︷︷ ︸
9
)

2 2 2 1 1 1 1 1 10 0 0 1 1 1 0 0 0
0 0 0 0 0 0 1 1 1

 7.19
2
3
(1− 3, 1− 2, 1− 1) (1, . . . , 1︸ ︷︷ ︸
9
)

2 1 1 1 1 1 1 1 00 1 1 1 1 1 0 0 1
0 0 0 0 0 0 1 1 1

 7.20
Table 4. Examples yielding a fiber of type II, III or IV
Remark 6.1. All the examples listed in Tables 3 and 5 are such that lct(P2, B) = lct(Y, F ).
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Type
of
Fiber
Multiplicity
Sequence
Characteristic
Sequence
Intersection
Matrix
Example
I∗0
(1− 1, 1− 1, 1− 1, 1− 1, 2− 1) (1, 1, . . . , 1)︸ ︷︷ ︸
9


1 1 1 0 0 0 0 0 0
1 0 0 1 1 0 0 0 0
0 1 0 1 0 1 0 0 0
0 0 1 0 1 1 0 0 0
0 0 0 0 0 0 2 2 2

 7.21
(2− 2, 1− 2) (2, 2, 2, 1, 1, 1)
(
2 2 2 2 2 2
2 2 2 0 0 0
)
7.22
(2− 1, 1− 2, 1− 2) (2, 2, 1, . . . , 1︸ ︷︷ ︸
5
)

2 2 0 0 0 0 22 0 1 1 1 1 0
0 2 1 1 1 1 0

 7.23
(2− 1, 1− 2, 1− 1, 1− 1) (2, 1, . . . , 1︸ ︷︷ ︸
7
)


2 2 2 0 0 0 0 0
2 0 0 0 1 1 1 1
0 0 0 1 1 1 0 0
0 0 0 1 0 0 1 1

 7.25
I∗1 (2− 2, 1− 2) (2, 2, 3, 1, 1)
(
2 2 4 2 2
2 2 2 0 0
)
7.27
I∗2 (2− 2, 1− 1, 1− 1) (1, 1, 3, 3, 1)

2 2 4 4 00 0 2 0 1
0 0 0 2 1

 7.28
I∗3 (2− 1, 2− 1, 1− 1, 1− 1) (3, 2, 2, 1, 1)


4 2 0 0 0
2 0 2 0 2
0 2 0 1 0
0 0 2 1 0

 7.29
I∗4 (2− 1, 2− 1, 1− 1, 1− 1) (3, 3, 2, 1)


2 4 0 0
0 2 2 2
1 0 2 0
3 0 0 0

 7.30
Table 5. Examples yielding a fiber of type I∗n, n ≤ 4
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Type
of
Fiber
lct(P2, B)
Multiplicity
Sequence
Characteristic
Sequence
Intersection
Matrix
Example
IV ∗
1
2
(2− 1, 2− 1, 1− 1, 1− 1) (3, 2, 1, 1, 1, 1)


2 2 0 0 2 0
2 0 2 0 0 2
2 0 0 1 0 0
0 2 0 1 0 0

 7.37
2
5
(2− 1, 2− 1, 1− 2) (2, 2, 3, 1, 1)

2 0 2 2 00 2 2 0 2
2 2 2 0 0

 7.38
3
7
(2− 2, 1− 1, 1− 1) (4, 2, 1, 1, 1)

4 2 2 2 23 0 0 0 0
1 2 0 0 0

 7.39
1
3
(3− 2) (3, 3, 3) (6 6 6) 7.40
1
3
(3− 1, 1− 2, 1− 1) (2, 2, 3, 1, 1)

3 3 3 0 01 0 3 1 1
0 1 0 1 1

 7.41
1
3
(3− 1, 2− 1, 1− 1) (3, 3, 1, 1, 1)

3 6 0 0 00 0 2 2 2
3 0 0 0 0

 7.42
1
3
(3− 1, 1− 1, 1− 1, 1− 1) (2, 2, 2, 1, 1, 1)


3 3 3 0 0 0
1 0 0 1 1 0
0 1 0 1 0 1
0 0 1 0 1 1

 7.43
1
3
(3− 1, 1− 3) (3, 3, 2, 1)
(
3 3 3 0
3 3 1 2
)
7.44
Table 6. Examples yielding a fiber of type IV ∗
EXPLICIT CONSTRUCTIONS OF HALPHEN PENCILS 31
Type
of
Fiber
lct(P2, B)
Multiplicity
Sequence
Characteristic
Sequence
Intersection
Matrix
Example
III∗
2
5
(2− 1, 1− 3, 1− 1) (1, 6, 1, 1)

0 6 0 02 5 1 1
0 1 1 1

 7.45
5
12
(2− 2, 1− 2) (7, 1, 1)
(
8 2 2
6 0 0
)
7.46
1
3
(3− 2) (3, 6) (6 12) 7.47
1
3
(3− 1, 3− 1) (3, 3, 3)
(
6 0 3
0 6 3
)
7.48
1
3
(3− 1, 2− 1, 1− 1) (5, 2, 1, 1)

9 0 0 00 2 2 2
1 2 0 0

 7.49
1
3
(3− 1, 2− 1, 1− 1) (4, 3, 1, 1)

3 6 0 02 0 2 2
3 0 0 0

 7.50
1
3
(3− 1, 1− 2, 1− 1) (5, 1, 1, 2)

6 0 0 34 1 1 0
0 1 1 1

 7.51
1
3
(3− 1, 1− 3) (1, 5, 3)
(
0 6 3
2 4 3
)
7.52
1
4
(4− 1, 1− 2) (4, 3, 2)
(
4 4 4
4 2 0
)
7.53
1
4
(4− 1, 1− 1, 1− 1) (3, 3, 2, 1)

4 4 4 02 0 0 1
0 2 0 1

 7.54
Table 7. All possible example yielding a fiber of type III∗
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Type of
Fiber
lct(P2, B)
Multiplicity
Sequence
Characteristic
Sequence
Intersection
Matrix
Example
II∗
1
3
(3− 2) (9) (18) 7.55
1
3
(3− 1, 3− 1) (6, 3)
(
9 0
3 6
)
7.56
1
3
(3− 1, 1− 3) (1, 8)
(
0 9
2 7
)
7.57
1
4
(4− 1, 1− 2) (7, 2)
(
8 4
0 6
)
7.58
1
5
(5− 1, 1− 1) (4, 5)
(
5 10
3 0
)
7.59
IV ∗
4
9
(2− 2, 1− 2) (6, 1, 1, 1)
(
6 2 2 2
6 0 0 0
)
7.33
3
7
(2− 1, 1− 2, 1− 1, 1− 1) (4, 1, 1, 1, 1, 1)


4 0 0 0 0 2
3 1 1 1 0 0
1 1 0 0 1 0
0 0 1 1 1 0

 7.34
4
9
(2− 1, 1− 3, 1− 1) (5, 1, 1, 1, 1)

6 0 0 0 04 1 1 1 2
0 1 1 1 0

 7.35
3
7
(2− 1, 1− 2, 1− 2) (5, 1, 1, 1, 1)

6 0 0 0 04 1 1 1 2
0 1 1 1 0

 7.36
Table 8. All possible examples yielding a fiber of type II∗ and more examples
yielding a fiber of type IV ∗
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7. Geometric Descriptions
We now provide a detailed geometric description of all the examples we constructed. Our
exposition is organized as follows: All the examples of Halphen pencils yielding a fixed type
of singular fiber are grouped together within a subsection. The title of each subsection
indicates the type of fiber. Further, we adopt the following pattern: inside parenthesis (and
next to the numeration of each example) we describe the components of the curve B.
For completeness we also present some constructions that can be found in the literature
and proper references are mentioned. However, the vast majority of the examples are new
and these are marked with a dagger (†).
7.1. Type In.
Example 7.1 (A rational sextic [26]). Let S = {P1, . . . , P10} be the set consisting of the
ten nodes of an irreducible rational plane curve B of degree 6. Any choice of nine points
in S defines a Halphen pencil of index two. Blowing-up the chosen nine points, the strict
transform of B becomes a singular fiber of type I1.
Remark 7.2. Note that if F is of type I1 (resp. II), then B must be an irreducible rational
curve of degree six with a single node (resp. cusp) and 9 ordinary double points. Thus, there
are 19 (resp. 17) (see e.g. [23],[20]) independent sextics in P2 so that blowing-up its nine
nodes we obtain a rational elliptic surface of index two with a singular fiber of type I1 (resp.
II).
Example 7.3 (Two cubics [26]). Consider two nodal cubics C1 and C2. Denote the two
nodes by P1 and P2. The two cubics intersect at nine other points P3, . . . , P9, P10, P11.
Blowing-up the nine points P1, . . . , P9 we obtain a rational elliptic surface of index two
with a fiber of type I2, namely the strict transform of B = C1 + C2.
† Example 7.4 (A quartic and a conic). Consider a quartic Q1 with three nodes P1, P2 and
P3 and a conic Q2 that intersects Q1 at other eight points P4, . . . , P9, P10, P11. If we blow-up
the nine points P1, . . . , P9 we obtain a rational elliptic surface of index two with a fiber of
type I2. Such fiber is given by the strict transform of B = Q1 +Q2.
† Example 7.5 (A quintic and a line). Choose a quintic Q with six nodes P1, . . . , P6 and a
line L that intersects Q at other five points P7, . . . , P9, P10, P11. We get a Halphen pencil of
index two generated by B = Q + L and the unique cubic through the nine points P1, . . . , P9.
Thus, blowing-up the nine base points we obtain a rational elliptic surface of index two. The
strict transform of B is a singular fiber of type I2.
Example 7.6 (Three conics [26]). Consider three conics C1, C2 and C3. They intersect at
twelve points. Among those, we can choose three points so that if we blow-up the remaining
nine points P1, . . . , P9, the strict transform of B = C1 + C2 + C3 becomes a fiber of type I3
in the corresponding rational elliptic surface.
† Example 7.7 (A quartic with three nodes and two lines). Let Q be a rational plane quartic
with three nodes P1, P2 and P3. Consider two lines L1 and L2 that intersect Q at other eight
points P4, . . . , P9, P10, P11 and denote by P12 the point of intersection of L1 and L2, which
we can assume to be distinct from the other Pi. Without loss of generality, we may further
assume P10 ∈ L1 and P11 ∈ L2. Then, blowing-up the nine points P1, . . . , P9 we obtain
a rational elliptic surface of index two with a singular fiber of type I3. Namely, the strict
transform of B = Q + L1 + L2.
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† Example 7.8 (A cubic with a node, a conic and a line). Let C ′ be a nodal cubic (hence
a rational curve). Let Q be a conic and let L be a line. Generically, these curves determine
twelve distinct intersection points (of multiplicity 2). We can choose three of these points so
that if we blow-up the remaining nine points P1, . . . , P9, the strict transform of B = C
′+Q+L
is a singular fiber of type I3 in the corresponding rational elliptic surface.
† Example 7.9 (A cubic with a node and three lines). Consider a nodal cubic C ′ and three
distinct lines L1, L2 and L3. Generically, these curves determine 13 distinct intersection
points: each line intersects the cubic at three points and any two pair of lines intersect at
a point. We can then choose four of these points so that if we blow-up the remaining nine
points P1, . . . , P9, the strict transform of B = C
′ + L1 + L2 + L3 becomes a singular fiber of
type I4.
† Example 7.10 (Two conics and two lines). Consider two distinct conics Q1 and Q2 and
a pair of distinct lines L1 and L2. There is a way of choosing four points, among their 13
intersection points, so that if we blow-up the remaining nine points the strict transform of
B = Q1 + Q2 + L1 + L2 is a singular fiber of type I4 in the corresponding rational elliptic
surface.
† Example 7.11 (Three concurrent lines and three other lines). Choose six lines L1, . . . , L6
intersecting as in the picture below
P8
P1
P5
L3
L1
L4
L2
L5 P2
P6
L6
P7
P4
P3
Figure 2. Six lines yielding a fiber of type I7
and so that we can choose a smooth cubic that is tangent to L2 at P1 (with multiplicity 2)
and that passes through P2, . . . , P8. The blow-up of P
2 at P
(1)
1 , P
(2)
1 , P
(1)
2 , . . . , P
(1)
8 determines
a rational elliptic surface of index two with a singular fiber of type I7.
† Example 7.12 (Two pairs of three concurrent lines). Choose six lines L1, . . . , L6 as in the
picture below:
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P1
P2
L3L1
L5
L2
P3
L6
P5
L4
P4
P6
P7
Figure 3. Six lines yielding a fiber of type I8
and such that we choose a smooth cubic that is tangent to L3 at P1 (with multiplicity 2), is
tangent to L5 at P2 (with multiplicity 2) and that passes through P3, . . . , P7. The blow-up of
P2 at P
(1)
1 , P
(2)
1 , P
(1)
2 , P
(2)
2 , . . . , P
(1)
7 gives rise to a rational elliptic surface of index two with
a singular fiber of type I8.
Example 7.13 (Six Lines [27]). Choose six lines L1, . . . , L6 intersecting as in the picture
below:
P1
P2
P3
L3
L4
L1
P5
P6
L2
L5
L6
P4
Figure 4. Six lines yielding a fiber of type I9
and such that we can choose a smooth cubic C that is tangent to L1 at P1 (with multiplicity
2), is tangent to L5 at P3 (with multiplicity 2), is tangent to L6 at P2 (with multiplicity 2)
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and that also passes through P4, P5 and P6. Then, blowing-up P
2 at the points
P
(1)
1 , P
(2)
1 , P
(1)
2 , P
(2)
2 , P
(1)
3 , P
(2)
3 , P
(1)
4 , P
(1)
5 , P
(1)
6
yields a rational elliptic surface of index two with a fiber of type I9.
7.2. Type II.
† Example 7.14 (A rational sextic). Let B denote a rational sextic curve with exactly a
single cusp and nine nodes, say P1, . . . , P9. Note that such curve indeed exists (see Remark
7.2). Letting C denote a smooth cubic through the nine points P1, . . . , P9 we obtain a Halphen
pencil of index two, namely the pencil generated by B and 2C. Blowing-up P2 at its nine
base points P1, . . . , P9, but not the cusp, the strict transform of B is a singular fiber of type
II in the corresponding elliptic surface.
7.3. Type III.
† Example 7.15 (Two cubics). Let C1 and C2 be two distinct nodal cubics which are tangent
with multiplicity two at a single point and assume C1 and C2 do not intersect at their nodes.
Denote by B the sextic curve defined by C1 +C2 and let C denote a smooth cubic through
the two nodes and the seven points where C1 and C2 intersect transversally. We obtain a
Halphen pencil of index two generated by B and 2C. Blowing-up P2 at the nine base points
(but not the tangency point), the strict transform of B is a type III singular fiber in the
corresponding elliptic surface.
† Example 7.16 (A quartic and a conic). Consider a quartic Q1 with three nodes P1, P2
and P3 and a conic Q2 that intersects Q1 at other seven points P4, . . . , P9, P10, where P10 is a
tangency point. If we blow-up the nine points P1, . . . , P9 we obtain a rational elliptic surface
of index two with a fiber of type III, namely the strict transform of B = Q1 +Q2.
† Example 7.17 (A quintic and a line). Choose a quintic Q with six nodes P1, . . . , P6 and
a line L that intersects Q at other four points P7, . . . , P9, P10, where P10 is a tangency point.
Consider the Halphen pencil of index two generated by B = Q + L and 2C, where C is the
unique cubic through the nine points P1, . . . , P9. Blowing-up the nine base points we obtain
a rational elliptic surface of index two and the strict transform of B is a singular fiber of
type III.
7.4. Type IV .
† Example 7.18 (Three conics). Let C1, C2 and C3 be three different conics through a
common fixed point P . Denote by B the sextic curve defined by C1 + C2 + C3 and note
that, generically, the three conics intersect at other nine points, say P1, . . . , P9. Letting C
denote a smooth cubic through the points P1, . . . , P9 we obtain a Halphen pencil of degree two
generated by B and 2C. Blowing-up P2 at the nine base points P1, . . . , P9, but not P , the
strict transform of B is a type IV singular fiber in the corresponding elliptic surface.
† Example 7.19 (A quartic with three nodes and two lines). Let Q be a plane quartic with
three nodes P1, P2 and P3, then Q is rational. Consider two lines L1 and L2 that intersect Q
at other seven points P4, . . . , P9, P10. That is, assume L1, L2 and Q pass through a common
point P10. Then, blowing-up the nine points P1, . . . , P9 we obtain a rational elliptic surface
of index two with a singular fiber of type IV , which is given by the strict transform of
B = Q + L1 + L2.
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† Example 7.20 (A cubic with a node, a conic and a line). Let C ′ be a nodal cubic (hence
a rational curve). Let Q be a conic and let L be a line. Assume these curves pass through
a common point and hence determine other nine distinct intersection points (of multiplicity
2). Blowing-up these nine double points, the strict transform of B = C ′+Q+L is a singular
fiber of type IV in the corresponding rational elliptic surface.
7.5. Type I∗n.
Example 7.21 (Five lines [14].). Take five lines in the plane in general position, say
L1, L2, L3, L4 and L5. Choose three distinct points in L5 that do not lie in any of the other
four lines. Consider the six intersection points Li ∩ Lj for i, j 6= 5 and choose a cubic C
through these nine points. Let B = L1 +L2 +L3 +L4 + 2L5, then the pencil generated by B
and 2C is a Halphen pencil of index 2 and the corresponding rational elliptic surface
contains a singular fiber of type I∗0 . Namely, the strict transform of B.
† Example 7.22 (A double conic and another conic). Let Q be a (smooth) conic and choose
three distinct points on it, say P1, P2 and P3. We can construct a cubic C so that C is
tangent to Q at Pi with multiplicity two. Let Q
′ be another conic through P1, P2 and P3 so
that Q′ intersects Q at a fourth point P , then P /∈ C. We can construct Q′ (and C) so
that Q′ intersects C at three other points, say P4, P5 and P6. Then the pencil generated by
B = 2Q′ + Q and 2C is a Halphen pencil of index two which yields a fiber of type I∗0 in the
associated rational elliptic surface.
Concretely, we can choose coordinates in P2 so that Q is the conic given by x2 + yz = 0
and we have P1 = (0 : 0 : 1), P2 = (0 : 1 : 0) and P3 = (1 : −1 : 1). Then we can let C be the
cubic given by
y(z(2x+ y − z) + x2 + yz) = 0
and we can choose Q′ to be the conic given by xy + 2xz + yz = 0.
Blowing-up P2 at the points P
(1)
1 , P
(2)
1 , P
(1)
2 , P
(2)
2 , P
(1)
3 , P
(2)
3 , P
(1)
4 , P
(1)
5 , P
(1)
6 we obtain the
following (dual) configuration of rational curves:
2Q
′
Q
E
(1)
1
E
(1)
2
E
(1)
3
† Example 7.23 (A double line and two conics). Let Q1 and Q2 be two (smooth) conics
intersecting at four distinct points, say P3, P4, P5 and P6. Let P1 be a point in Q1 that is not
in Q2 and let P2 be a point in Q2 that is not in Q1. Let L be the line joining P1 and P2. We
can choose P1 and P2 so that the Pi for i = 3, . . . , 6 are not in L and L intersects both Q1
and Q2 at a second point different than the Pi for i = 3, . . . , 6.
Now, we can construct a cubic C through P1, . . . , P6 such that the intersection multiplicity
of C and Qi at Pi is two, for i = 1, 2, and C intersects L at a third point, say P7.
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The pencil generated by B = 2L+Q1 + Q2 and 2C is a Halphen pencil of index two and
blowing-up P2 at its nine base points P
(1)
1 , P
(2)
1 , P
(1)
2 , P
(2)
2 , P
(1)
3 , P
(1)
4 , P
(1)
5 , P
(1)
6 , P
(1)
7 we obtain
the following (dual) configuration of rational curves:
2L
Q1
Q2
E
(1)
1
E
(1)
2
That is, we obtain a fiber of type I∗0 in the corresponding rational elliptic surface.
Concretely, we can choose coordinates in P2 so that Q1 is the conic given by x
2+yz = 0 and
Q2 is the conic given by y
2+xz = 0. Then we can let P1 = (1 : −1 : 1) and P2 = (−4 : −2 : 1)
so that C is the cubic
x3 − 4x2y + 2xy2 + y3 − 2x2z + 2xyz − 5y2z − xz2 − 4yz2 = 0
and L is the line x− 5y − 6z = 0.
Lemma 7.24 ([18, Problem 5.41]). Let C be a smooth cubic, let P1, . . . , P3d be points on C
(not necessarily distinct) and choose the group law ⊕ on C with a flex point O as the origin.
These points satisfy the equation P1 ⊕ . . .⊕ P3d = 0 if and only if there exists a plane curve
D of degree d intersecting C precisely at them (where a certain number of repetitions means
the intersection multiplicity of C and D at that point).
† Example 7.25 (A double line, a conic and two lines). Let C be a smooth cubic. Let P
be one of its flex points, which we fix as the origin for the natural group law ⊕. Let ε2 be a
2-torsion point (w.r.t ⊕) and choose another point P4 ∈ C. Let P1 .= P4 − ε2. Then there
exist points P2, P3, P5, P6 ∈ C (all distinct) such that
P1 ⊕ P2 ⊕ P3 = 0 P4 ⊕ P5 ⊕ P6 = 0 and P4 ⊕ P7 ⊕ P8 = 0
By construction we have
P2 ⊕ P3 ⊕ P4 = ε2
P1 ⊕ P5 ⊕ P6 = −ε2 = ε2
P1 ⊕ P7 ⊕ P8 = −ε2 = ε2
In particular, 2P1 ⊕ P2 ⊕ . . .⊕ P8 = 3 · ε2 = ε2 and 2P1 ⊕ P5 ⊕ P6 ⊕ P7 ⊕ P8 = 2 · ε2 = 0.
It follows from Lemma 7.24 that we can construct three lines L1, L2 and L3 such that
P1, P2, P3 ∈ L1, P4, P5, P6 ∈ L2 and P4, P7, P8 ∈ L3. By Lemma 7.24 we can also construct
a conic Q through P1, P5, P6, P7 and P8 so that the intersection multiplicity of Q and C at
P1 is two.
The pencil generated by B = 2L1 + L2 + L3 + Q and 2C is a Halphen pencil of index
two and blowing-up P2 at its nine base points P
(1)
1 , P
(2)
1 , P
(1)
2 , P
(1)
3 , P
(1)
4 , P
(1)
5 , P
(1)
6 , P
(1)
7 , P
(1)
8
we obtain the following (dual) configuration of rational curves:
EXPLICIT CONSTRUCTIONS OF HALPHEN PENCILS 39
2L1
L2
L3
Q
E
(1)
1
That is, we obtain a fiber of type I∗0 in the corresponding rational elliptic surface.
Example 7.26 (Five lines, with three lines concurrent at a point [31]). This next example
is a geometrical description of an example communicated by Antonio Laface. The associated
Jacobian is the surface X141 in Miranda and Persson’s list [37].
Consider five distinct lines in P2, say L1, L2, L3, L4 and L5 and assume that L1, L3 and
L5 are concurrent at a point P1.
We can choose coordinates in P2 so that we have L1 : z = 0, L2 : y− z = 0, L3 : x− z = 0,
L4 : x− y − z = 0 and L5 : x = 0. These lines determine eight intersection points:
• P1 = (0 : 1 : 0) (L1 ∩ L3 ∩ L5)
• P2 = (1 : 0 : 1) (L3 ∩ L4)
• P3 = (1 : 1 : 0) (L1 ∩ L4)
• P4 = (2 : 1 : 1) (L2 ∩ L4)
• P5 = (1 : 0 : 0) (L1 ∩ L2)
• P6 = (1 : 1 : 1) (L2 ∩ L3)
• Q1 = (0 : 1 : 1) (L2 ∩ L5)
• Q2 = (0 : 1 : −1) (L4 ∩ L5)
Now consider the lines R1 : x − y = 0 determined by the points P3 and P6; R2 : y = 0,
determined by the points P2 and P5; and R3 : x− 2z = 0 determined by the points P1 and P4
There exists a unique cubic C through P1, . . . , P6 which is tangent to R3 at P1 = (0 : 1 : 0)
and which has a node at P7
.
= (0 : t : 1) (for a parameter t 6= ±1 and t 6= 0).
Such curves determine five more intersection points
• P8 = (0 : 0 : 1)
{P8} = R1 ∩R2 ∩ L5
• {Q3} = R1 ∩R3
• {Q4} = R2 ∩ R3
• Q5 ∈ R1 ∩ C
• Q6 ∈ R2 ∩ C
Consider the pencil P generated by B .= L1+L2+L3+L4+2L5 and D .= C+R1+R2+R3.
If we blow-up of P2 at the points P
(1)
1 , P
(2)
1 , P
(1)
2 , P
(1)
3 , . . . , P
(1)
8 we obtain a rational elliptic
surface of index two with a singular fiber F of type I∗1 and a singular fiber F
′ of type I4. We
have the following (dual) configurations of rational curves:
2E
(1)
1
2L5
L2
L4
L1
L3
C R3
R1
R2
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† Example 7.27 (A double conic and another conic). Let Q be a smooth conic and choose
three (distinct) points on it, say P1, P2 and P3. Then we can construct a cubic C through
P1, P2 and P3 so that C is tangent to Q at each Pi with multiplicity two. And we can also
construct another conic Q′ through P1, P2 and P3 so that Q
′ is tangent to Q and to C at P3
(with multiplicity two) and Q′ intersects C at two other points, say P4 and P5.
Concretely, we can choose coordinates in P2 so that Q is the conic given by x2 + yz = 0.
We can let P1 = (0 : 0 : 1), P2 = (0 : 1 : 0) and P3 = (1 : −1 : 1). And we can take C to be
the cubic given by
yz(2x+ y − z)− x(x2 + yz) = y2z − yz2 − x3 + xyz = 0
Then Q′ is the conic given by x2 + xy − xz − yz = 0 and we have that P4 = (1 : 1 : 1) and
P5 = (−1 : 1 : 1).
By letting B = 2Q′+Q we have that the pencil generated by B and 2C is a Halphen pencil
of index two. Moreover, the corresponding rational elliptic surface has a fiber of type I∗1 .
We blow-up P2 at the points P
(1)
1 , P
(2)
1 , P
(1)
2 , P
(2)
2 , P
(1)
3 , P
(2)
3 , P
(3)
3 , P
(1)
4 , P
(1)
5 , which produces
the following (dual) configuration of rational curves:
2Q
′
2E
(2)
3
Q
E
(1)
3
E
(1)
1
E
(1)
2
† Example 7.28 (A double conic and two tangent lines). Let C be a smooth cubic. Choose
two distinct points P3 and P4 on C such that the lines L1 (resp. L2) tangent to C at P3
(resp. P4) intersect at a fifth point P5 that is also in C. Then there exists a unique conic
Q that is tangent to the lines L1 (resp. L2) at P3 (resp. P4). Such conic intersects C at
two other distinct points, say P1 and P2. If we let B = 2Q + L1 + L2, it follows that the
pencil generated by B and 2C is a Halphen pencil of index two. Thus, blowing-up the nine
points P
(1)
1 , P
(1)
2 , P
(1)
3 , P
(2)
3 , P
(3)
3 , P
(1)
4 , P
(2)
4 , P
(3)
4 , P
(1)
5 we obtain a rational elliptic surface of
index two with a type I∗2 singular fiber.
In fact, we obtain the following (dual) configuration of rational curves:
2E
(2)
3
2Q
2E
(2)
4
E
(1)
4
L2
E
(1)
3
L1
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† Example 7.29 (Two double lines and two other lines). Let C be a smooth cubic. Choose
P1 ∈ C not a flex point and let L1 be the tangent line to C at P1. Then C intersects L1 at
another point, say P2. We can choose P1 so that P2 is not a flex point. Let L3 be the tangent
line to C at P2 and let P4 be the third intersection point. Choose a line L4 through P4 which
is tangent to C at a point P3. Let L2 be the line joining P1 and P3. Then L2 intersects C at
a third point P5.
Letting B = 2L1+2L2+L3+L4 we have that the pencil generated by B and 2C is a Halphen
pencil of index two, which yields a fiber of type I∗3 in the corresponding rational elliptic
surface. More precisely, blowing-up P
(1)
1 , P
(2)
1 , P
(3)
1 , P
(1)
2 , P
(2)
2 , P
(1)
3 , P
(2)
3 , P
(1)
4 , P
(1)
5 gives the
following (dual) configuration of rational curves:
2L1
2E
(1)
1 2E
(2)
1
2L2
E
(1)
3
L3
E
(1)
2
L4
† Example 7.30 (Two double lines and two other lines). Let C be a smooth cubic. Let
P1 ∈ C be a flex point and let L4 be the corresponding inflection line. Let L1 be a line
through P1 which is tangent to C at P2 and let L3 be another line through P1 which is
tangent to C at P3 6= P2. Let L2 be the line joining P2 and P3. Then L2 intersects C at a
third point P4
If we let B = 2L1 + 2L2 + L3 + L4, then the pencil generated by B and 2C is a Halphen
pencil of index two, which gives a fiber of type I∗4 in the corresponding rational elliptic surface.
The blow-up of P2 at P
(1)
1 , P
(2)
1 , P
(3)
1 , P
(1)
2 , P
(2)
2 , P
(3)
2 , P
(1)
3 , P
(2)
3 , P
(1)
4 yields the following (dual)
configuration of rational curves:
2L2
2E
(1)
2 2E
(2)
2
2L1
2E
(1)
1
E
(2)
1
L3
E
(1)
3
L4
7.6. Type IV ∗. We now construct all possible examples of Halphen pencils of index two
that yield a fiber of type IV ∗ in the corresponding rational elliptic surface (Theorem 5.17).
Definition 7.31. Given a cubic C, a conic Q and a point P ∈ C, we say Q is an osculating
conic of C at P if IP (Q,C) ≥ 5, where IP (Q,C) denotes the intersection multiplicity of Q
and C at P .
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Definition 7.32. Given a cubic C, any point on it where a tangent conic intersects C with
multiplicity six is called a sextactic point. If C is smooth, there are exactly 27 such points
and if C is nodal, then there only 3 sextactic points (see e.g. [8],[9]).
† Example 7.33 (A double conic and a conic). Consider a smooth cubic C and let P1 be
a sextactic point. Let Q1 be the corresponding osculating conic. Assume we can construct
another conic Q2 so that Q2 is tangent to both Q1 and C at P1 with multiplicity three, Q2
intersects C at other three points P2, P3, P4. Then the fourth intersection point between the
two conics is different than the Pi’s.
Letting B = Q1 + 2Q2 we have that the pencil generated by B and 2C is a Halphen pencil
of index two and the corresponding rational elliptic surface has a fiber of type IV ∗.
For instance, let C be the cubic given by xz2+y2z+x3 = 0, then we can let P1 = (0 : 0 : 1)
and we have that Q1 is the conic y
2 + xz = 0. Choosing Q2 to be the conic xy+ y
2 + xz = 0
we get the desired pencil.
Blowing-up P2 at the points P
(1)
1 , . . . , P
(6)
1 , P
(1)
2 , P
(1)
3 , P
(1)
4 we obtain the following (dual)
configuration of rational curves:
Q1
2Q2
E
(1)
1 2E
(2)
1 3E
(3)
1 2E
(4)
1 E
(5)
1
† Example 7.34 (A double line, a conic and two lines). Let Q be a (smooth) conic and choose
P1 ∈ Q. Let T be the tangent line to Q at P1. Let L1 be a line through P1, intersecting Q at
a second point P2. Choose two other points P3 and P4 in Q, let L2 be the line joining them
and let {P5} = L1 ∩ L2. Assume we can construct a cubic C through P1, . . . , P5 which is
tangent to Q (resp. T ) with multiplicity 3 (resp. 2.). Then C intersects T at another point
P6.
Letting B = 2T +Q+L1+L2 we have that the pencil generated by B and 2C is a Halphen
pencil of index two and the corresponding rational elliptic surface has a fiber of type IV ∗.
For instance, we can choose coordinates so that Q is the conic y2 + xz = 0 and we can
choose P1 = (0 : 0 : 1). Then T is the line x = 0. Choosing L1 to be the line x + y = 0 we
have that P2 = (−1 : −1 : 1). Now, if we choose P4 and P5 so that L2 is the line x+ y + z,
then P5 = (−1 : 1 : 0) and C is the cubic x3 + y3 + 2xyz + y2z + xz2 = 0. Thus, P6 is the
point (0 : 1 : −1).
Blowing-up P2 at the points P
(1)
1 , . . . , P
(4)
1 , P
(1)
2 , P
(1)
3 , P
(1)
4 , P
(1)
5 , P
(1)
6 we obtain the following
(dual) configuration of rational curves:
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L2
2T
Q 2E
(1)
1 3E
(2)
1 2E
(3)
1
L1
† Example 7.35 (A double line, a cubic and another line). Let D be a nodal cubic and
denote its node by P5. Let P1 be a flex point of D and denote the corresponding inflection
line by L. Let L′ be a line that intersects D at three other points P2, P3 and P4. Assume we
can construct a cubic C through P1, . . . , P5 so that C is tangent to D (resp. L) at P1 with
multiplicity 4 (resp. 3).
For instance, let D be the nodal cubic y2z − x2(x+ z) = 0. Then P5 = (0 : 0 : 1) and we
can let P1 = (0 : 1 : 0) so that L is the line z = 0. Choosing L
′ to be the line x + y + z = 0
we have that C is the cubic xyz + xz2 + y2z − x3 = 0.
Letting B = 2L + L′ + D we have that the pencil generated by B and 2C is a Halphen
pencil of index two and the corresponding rational elliptic surface has a fiber of type IV ∗.
Blowing-up P2 at the points P
(1)
1 , . . . , P
(5)
1 , P
(1)
2 , P
(1)
3 , P
(1)
4 , P
(1)
5 we obtain the following
(dual) configuration of rational curves:
L
′
2L
E
(1)
1 2E
(2)
1 3E
(3)
1 2E
(4)
1 D
† Example 7.36 (A double line and two conics). Let C be a smooth cubic. Let P2 be a flex
point. There exists a line L through P2 which is tangent to C at another point P1. Then P1
is a sextactic (see Definition 7.32) point of C.
In fact, by Lemma 7.24 we have
2P1 ⊕ P2 = 0 3P2 = 0
hence 3(2P1 ⊕ P2) = 6P1 = 0, where ⊕ denotes the group law with another flex point taken
as the origin. Again, using Lemma 7.24 we conclude there exists an osculating conic which
is tangent to C with multiplicity at P1.
Concretely, we can choose coordinates in P2 so that C is the cubic given by
y2z = x(x− z)(x− α · z) α ∈ C\{0, 1}
and C has a flex point at P2 = (0 : 1 : 0). The line x = 0 is tangent to C at P1 = (0 : 0 : 1)
and the flex P2 is a point in that line.
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Now, let ε2 be a two torsion point of C. Using the same argument as in Example 7.25,
we can always find three points P3, P4 and P5 in C so that P3⊕ P4 ⊕ P5 = ε2. In particular,
2P3 ⊕ 2P4 ⊕ 2P5 = 0 and we claim we must have
(12) 3P1 ⊕ P3 ⊕ P4 ⊕ P5 = 0
and
(13) P1 ⊕ 2P2 ⊕ P3 ⊕ P4 ⊕ P5 = 0
In fact, if one of these sums is non zero, then adding the two equations we obtain
0 6= 4P1 ⊕ 2P2 ⊕ 2P3 ⊕ 2P4 ⊕ 2P5 = 4P1 ⊕ 2P2 = 0
a contradiction.
Applying Lemma 7.24 two Equations (12) and (13) we conclude there exists two conics Q
and Q′ so that: P1, P3, P4, P5 ∈ Q, the cubic C is tangent Q at P1 with multiplicity three,
P1, P2, P3, P4, P5 ∈ Q′ and the cubic C is tangent Q at P2 with multiplicity two.
Note that, by construction, L is also tangent to Q at P1.
Letting B = 2L + Q + Q′ we have that the pencil generated by B and 2C is a Halphen
pencil of index two and the corresponding rational elliptic has a fiber of type IV ∗.
More precisely, blowing-up P2 at the points P
(1)
1 , . . . , P
(4)
1 , P
(1)
2 , P
(2)
2 , P
(1)
3 , P
(1)
4 , P
(1)
5 we
obtain the following (dual) configuration of rational curves:
Q
′
2E
(1)
1
E
(1)
2 2L 3E
(2)
1 2E
(3)
1
Q
† Example 7.37 (Two double lines and two other lines). Let Q be a smooth conic. And
choose three distinct points on Q say P1, P2 and P3. For each i = 1, 2 let Ti be the tangent
line to Q at Pi. Let Li be the line joining P1 and Pi, for i = 2, 3. And let L be a line through
{P4} = T1 ∩ T2 different than the Ti and such that P3 /∈ L. Then L intersects both L2 and
L3 at two other points P5 ∈ L2 and P6 ∈ L3.
Letting C be the cubic Q + L and B be the sextic T1 + T2 + 2L2 + 2L3 we have that the
pencil P generated by B and 2C is a Halphen pencil of index two which yields a fiber of type
IV ∗ in the associated elliptic surface.
Blowing-up P2 at the nine points P
(1)
1 , P
(2)
1 , P
(3)
1 , P
(1)
2 , P
(2)
2 , P
(1)
3 , P
(1)
4 , P
(1)
5 , P
(1)
6 we obtain
the following (dual) configuration of rational curves:
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T2
2L3
E
(1)
2
2L2 3E
(1)
1 2E
(2)
1
T1
† Example 7.38 (Two double lines and a conic). Let Q be a smooth conic. And choose three
distinct points on Q say P1, P2 and P3. For each i = 1, 2, 3 let Li be the tangent line to Q at
Pi. Let L (resp. R) be the lines joining P1 and P3 (resp. P2 and P3). And let {P4} = L∩L2
and {P5} = R ∩ L1.
Then the cubic C = L1 + L2 + L3 is such that the intersection multiplicity of Q and C at
Pi, for i = 1, 2, 3 is two and the pencil P generated by B = Q+2L+2R and 2C is a Halphen
pencil of index two which yields a fiber of type IV ∗ in the associated elliptic surface. In fact
the Jacobian fibration of such surface is the surface X431 in Miranda and Persson’s list [37].
Concretely, we can choose coordinates in P2 so that Q is given by x2 − yz = 0, P1 = (0 :
0 : 1), P2 = (0 : 1 : 0) and P3 = (1 : −1 : −1). Then L1 is the line y = 0, L2 is the line
z = 0 and L3 is the line 2x + y + z = 0. And, therefore, L and R are the lines x + y = 0
and x+ z = 0, respectively. Moreover, P4 = (1 : −1 : 0) and P5 = (1 : 0 : −1).
Blowing-up the nine points P
(1)
1 , P
(2)
1 , P
(1)
2 , P
(2)
2 , P
(1)
3 , P
(2)
3 , P
(3)
3 , P
(1)
4 , P
(1)
5 we obtain the
following (dual) configuration of rational curves:
Q
2E
(2)
3
E
(1)
2 2R 3E
(1)
3 2L E
(1)
1
† Example 7.39 (A double conic and two lines). Let C be a smooth cubic. Let L1 be an
inflection line of C at a point P1 and choose a line L2 through P1 which is tangent to C at
another point P2. We can construct a conic Q through P1 and P2 so that Q is tangent to C
at P1 with multiplicity two and Q meets C transversally at P2. Moreover, Q intersects C at
other three points, say P3, P4 and P5.
Concretely, choose coordinates in P2 so that C is the cubic given by
y2z = x(x− z)(x− α · z) α ∈ C\{0, 1}
Then we can let L1 be the line z = 0 and hence P1 = (0 : 1 : 0) and we can let L2 be either
one of the lines x = 0, x− z = 0 or x− α · z = 0.
If we choose L2 as x = 0, then P2 = (0 : 0 : 1) and, similarly, if we take L2 as x − z = 0
(resp. x− α · z = 0), then P2 = (1 : 0 : 1) (resp. P2 = (α : 0 : 1)).
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Say we choose L2 to be the line x = 0, then we can let Q be the conic x
2 + yz = 0.
Now, the pencil P generated by B = 2Q + L1 + L2 and 2C is a Halphen pencil of index
two that yields a fiber of type IV ∗ in the corresponding rational elliptic surface.
More precisely, blowing-up P
(1)
1 , . . . , P
(4)
1 , P
(1)
2 , P
(2)
2 , P
(1)
3 , P
(1)
4 , P
(1)
5 we obtain the following
(dual) configuration of rational curves:
L1
2E
(3)
1
E
(1)
2
2Q 3E
(2)
1 2E
(1)
1
L2
Example 7.40 (A triple conic [35, I.5.11]). In this example we consider a rational elliptic
surface of index two whose Jacobian is the surface X431 in Miranda and Persson’s list [37].
Let Q ⊂ P2 be a smooth conic and choose three distinct points P1, P2 and P3 on Q. Let
Li be the line tangent to Q at Pi and consider the pencil generated by B = 3Q and 2C,
where C = L1 + L2 + L3. Then the associated rational elliptic surface has as its Jacobian
the surface X431.
Note that we need to blow-up each of the three points three times. That is, to construct
the desired surface we blow-up P2 at P
(1)
1 , P
(2)
1 , P
(3)
1 , P
(1)
2 , P
(2)
2 , P
(3)
2 , P
(1)
3 , P
(2)
3 , P
(3)
3 , which
produces three disjoint chains of (−2)-curves, each of length 2 and formed by exceptional
divisors over the corresponding three points. Pictorially,
E
(1)
3
2E
(2)
3
E
(1)
2 2E
(2)
2
3Q 2E
(2)
1 E
(1)
1
† Example 7.41 (A triple line, a conic and another line). Choose two (distinct) lines L1
and L2 and a smooth conic Q in general position. Let {P2} = L1 ∩L2, let {P2, P4} = L1∩Q
and let {P1, P3} = L3 ∩ Q. We can find a cubic C so that P1, P2, P3, P4, P5 ∈ C and C is
tangent to Q at P3 with multiplicity three.
Concretely, we can choose coordinates in P2 so that Q is the conic x2 + yz + xz = 0 and
L1 and L2 are the lines x+ 2y + z = 0 and x = 0, respectively.
Then P1 = (0 : 1 : 0), P2 = (0 : 1 : −2), P3 = (0 : 0 : 1), P4 = (1 : 0 : −1) and
P5 = (1 : −1 : 1) and we have that C is the cubic given by
xy(x+ z) + (x2 + yz + xz)(2y + z) = 0
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Now, the pencil generated by B = Q + L1 + 3L2 and 2C is a Halphen pencil of index two
which yields a fiber of type IV ∗ in the associated elliptic surface.
If we blow-up P2 at the nine points P
(1)
1 , P
(2)
1 , P
(1)
2 , P
(2)
2 , P
(1)
3 , P
(2)
3 , P
(3)
3 , P
(1)
4 , P
(1)
5 we obtain
the following (dual) configuration of rational curves:
E
(2)
3
2E
(1)
3
Q 2E
(1)
1
3L2 2E
(1)
2
L1
† Example 7.42 (A triple line, a double line and another line). Let C be a smooth cubic
and let L1 be an inflection line of C at a point P1. We can choose another line L2 through P1
which is tangent to C at another point P2. Let L3 be a third line which intersects C at three
distinct points, say P3, P4 and P5, all different than P1 and P2. Then the pencil P generated
by B = L1 + 3L2 + 2L3 and 2C is a Halphen pencil of index two and it yields a fiber of type
IV ∗ in the corresponding elliptic surface.
Concretely, we can choose coordinates in P2 so that C is the cubic given by
y2z = x(x− z)(x − α · z) α ∈ C\{0, 1}
we can let L1 be the line z = 0 (hence P1 = (0 : 1 : 0)) and we can choose L2 to be either
one of the lines x = 0, x− z = 0 or x− α · z = 0.
If we choose L2 as x = 0, then P2 = (0 : 0 : 1) and we can let L3 be the line x+ y+ z = 0.
Now, if we blow-up P2 at the nine base points
P
(1)
1 , P
(2)
1 , P
(3)
1 , P
(1)
2 , P
(2)
2 , P
(3)
2 , P
(1)
3 , P
(1)
4 , P
(1)
5
we obtain the following (dual) configuration of rational curves:
E
(2)
1
2E
(1)
1
E
(1)
2 2E
(2)
2
3L2 2L3 L1
† Example 7.43 (A triple line and three more lines). Consider four (distinct) lines L1, L2, L3
and L4 in general position. That is, such that the Li determine six intersection points, say
P1, . . . , P6. Now, choose a cubic C through these six points so that C intersects each of the
lines transversally, i.e. the Li are not tangent lines to C.
The pencil P generated by B = L1 + L2 + L3 + 3L4 and 2C is a Halphen pencil of index
two and it yields a fiber of type IV ∗ in the corresponding rational elliptic surface.
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Concretely, we blow-up P2 at the base points P
(1)
1 , P
(2)
1 , P
(1)
2 , P
(2)
2 , P
(1)
3 , P
(2)
3 , P
(1)
4 , P
(1)
5 , P
(1)
6
of P so that we obtain the following (dual) configuration of rational curves:
L3
2E
(1)
3
L2 2E
(1)
2
3L4 2E
(1)
1
L1
If we take B and C as in the picture below, then we obtain a rational elliptic surface whose
Jacobian is the surface X431 in Miranda and Persson’s list [37].
P1
P3
3L4
P5
L3
L1
P6
P4
L2
P2
Figure 5. The two generators of P yielding a fiber of type IV ∗ and a multiple
fiber of type I3
† Example 7.44 (A triple line and a cubic). Let D : d = 0 be a nodal cubic with node at
a point P4. Let L1 : l1 = 0 and L2 : l2 = 0 be two of its inflections lines at points P1 and
P2 ( 6= P4), respectively. And let L3 be a line through the node P4 which does not contain the
flex points P1 and P2. Then the cubic C given by l1l2l3 + d = 0 is such that the intersection
multiplicity of D and C at Pi for i = 1, 2 is
IPi(C,D) = IPi(li, d) = 3
and, by construction, the node P4 lies on it.
Now let L be the line joining P1 and P2. Then L intersects D at a third (flex) point P3
and we have that the pencil P generated by B = D+3L and 2C is a Halphen pencil of index
two which yields a fiber of type IV ∗ in the corresponding elliptic surface.
Blowing-up P2 at the nine base points P
(1)
1 , P
(2)
1 , P
(3)
1 , P
(1)
2 , P
(2)
2 , P
(3)
2 , P
(1)
3 , P
(2)
3 , P
(1)
4 we
obtain the following (dual) configuration of rational curves:
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E
(2)
1
2E
(1)
1
E
(2)
2 2E
(1)
2 3L 2E
(1)
3 D
7.7. Type III∗. We now construct all possible examples of Halphen pencils of index two
that yield a fiber of type III∗ in the corresponding rational elliptic surface (Theorem 5.16).
† Example 7.45 (A double line, a cubic and another line). Let D be a nodal cubic and
denote its node by P1. Let P2 be a flex point of D and denote the corresponding inflection
line by L1. Let L2 be a line through P2 so that L2 intersects D at two other points, say P3
and P4. We can construct a cubic C through P1, . . . , P4 so that C is tangent to D (resp. L1)
at P2 with multiplicity five (resp. three).
Concretely, let D be the nodal cubic given by y2z − x2(x + z) = 0. Then P1 = (0 : 0 : 1)
and we can let L1 be the line z = 0, hence P2 = (0 : 1 : 0). Thus we can take L2 to be the line
x − z = 0. And, further, we have that P4 = (1 :
√
2 : 1) and P5 = (1 : −
√
2 : 1). Choosing
C to be the cubic given by
y2z − x(x2 + z2) = 0
we have that all the points P1, . . . , P4 lie in C and, moreover, the intersection multiplicity of
C and D (resp. L1) at P2 is five (resp. three).
Now, the pencil P generated by B = D + 2L1 + L2 and 2C is a Halphen pencil of index
two which yields a fiber of type III∗ in the corresponding rational elliptic surface. More
precisely, blowing-up P
(1)
1 , P
(1)
2 , . . . , P
(6)
2 , P
(1)
3 , P
(1)
4 we obtain the following (dual)
configuration of rational curves
2L1
D 2E
(5)
2 3E
(4)
2 4E
(3)
2 3E
(2)
2 2E
(1)
2
L2
† Example 7.46 (A double conic and another conic). Let Q be a conic and choose a point
P1 ∈ Q. We can construct another conic Q′ and a smooth cubic C so that Q is tangent to
both C and Q′ at P1 with full multiplicity and, moreover, the intersection multiplicity of Q
′
and C at P1 is four and Q
′ intersects C at two other points, say P2 and P3.
Concretely, choose coordinates in P2 so that Q is the conic given by x2 + yz = 0 and let
P1 be the point (0 : 0 : 1). Then we can let Q
′ be the conic given by x2 + yz + y2 = 0 and we
can let C be the cubic given by
y3 + z(x2 + yz) = 0
Thus, P2 = (α : 1 : 1) and P3 = (−α : 1 : 1), where α2 + 2 = 0
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Now, the pencil P generated by B = 2Q′ + Q and 2C is a Halphen pencil of index two
such that the corresponding elliptic surface has a fiber of type III∗.
Blowing-up P2 at P
(1)
1 , . . . , P
(7)
1 , P
(1)
2 , P
(1)
3 we obtain the following (dual) configuration of
rational curves:
2Q
′
Q 2E
(6)
1 3E
(5)
1 4E
(4)
1 3E
(3)
1 2E
(2)
1 E
(1)
1
† Example 7.47 (A triple conic). In this new example we construct a rational elliptic surface
whose Jacobian is the surface X321 in Miranda and Persson’s list [37].
Let Q ⊂ P2 be a (smooth) conic. Then, there exists a line L (resp. a conic R) that is
tangent to Q with full multiplicity 2 (resp. 4). In fact we can assume we have determined two
distinct intersection points this way. Now, generically, L intersects R at two other points.
Letting C = L + R and B = 3Q we have that the pencil generated by B and 2C is a
Halphen npencil of index two. In particular, blowing-up P2 at the nine base points
P
(1)
1 , . . . , P
(3)
1 , P
(1)
2 , . . . , P
(6)
2 we obtain a rational elliptic surface of index two. And such
surface has a type III∗ singular fiber.
In fact, we obtain the following (dual) configuration of rational curves:
2E
(5)
2
E
(1)
1 2E
(2)
1
3Q 4E
(4)
2 3E
(3)
2 2E
(2)
2 E
(1)
2
† Example 7.48 (Two triple lines). Consider two (distinct) lines L1 and L2 and let P3 be
their intersection point. Choose a cubic C which intersects L1 and L2 at P3 with multiplicity
one and which is tangent to each Li at a point Pi (with multiplicity two). The pencil P
generated by B = 3L1 + 3L2 and 2C is a Halphen pencil of index two and it yields a fiber of
type III∗ in the corresponding rational elliptic surface.
Concretely, we blow-up P2 at the base points P
(1)
1 , P
(2)
1 , P
(3)
1 , P
(1)
2 , P
(2)
2 , P
(3)
2 , P
(1)
3 , P
(2)
3 , P
(3)
3
of P so that we obtain the following (dual) configuration of rational curves:
2E
(2)
3
E
(1)
1 2E
(2)
1
3L1 4E
(1)
3
3L2 2E
(2)
2 E
(1)
2
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If we take B and C as in the picture below, we obtain a rational elliptic surface whose
Jacobian is the surface X321 in Miranda and Persson’s list [37].
2C
P1
P2
3L1
3L2
P3
Figure 6. The two generators of P yielding a fiber of type III∗ and a multiple
fiber of type I2
† Example 7.49 (A triple line, a double line and another line). Let C be a smooth cubic. Let
L1 be an inflection line of C at a point P1 and choose a line L2 through P1 which is tangent
to C at another point P2. Let L3 be any line through P2 which intersects C at another two
points, say P3 and P4.
Then the pencil P generated by B = 3L1 + L2 + 2L3 and 2C is a Halphen pencil of index
two which yields a fiber of type III∗ in the associated rational elliptic surface.
Concretely, we can choose coordinates in P2 so that C is the cubic given by
y2z = x(x− z)(x − α · z) α ∈ C\{0, 1}
we can let L1 be the line z = 0 (hence P1 = (0 : 1 : 0)) and we can choose L2 to be either one
of the lines x = 0, x− z = 0 or x− α · z = 0. If we choose L2 as x = 0, then P2 = (0 : 0 : 1)
and we can let L3 be the line y = 0.
Now, if we blow-up P2 at the nine base points P
(1)
1 , . . . , P
(5)
1 , P
(1)
2 , P
(2)
2 , P
(1)
3 , P
(1)
4 we obtain
the following (dual) configuration of rational curves:
2E
(4)
1
L2 2E
(1)
1 3E
(2)
1 4E
(3)
1
3L1 2L3 E
(1)
2
† Example 7.50 (A triple line, a double line and another line concurrent at a point).
Consider three lines L1, L2 and L3 concurrent at a point P1 and choose a cubic C as in the
picture below
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2C
P2
3L2
P1
L1
P4
2L3
P3
Figure 7. The two generators of P yielding a fiber of type III∗ and a multiple
fiber of type I0
That is, choose a cubic C so that C is tangent to L1 at P1 with full multiplicity, C is
tangent to L2 at a point P2( 6= P1) (with multiplicity two) and it intersects L3 at two other
points P3 and P4.
The pencil P generated by B = L1 + 3L2 + 2L3 and 2C is a Halphen pencil of index two
and such pencil yields a fiber of type III∗ in the associated rational elliptic surface.
Concretely, we blow-up P2 at the base points P
(1)
1 , P
(2)
1 , P
(3)
1 , P
(4)
1 , P
(1)
2 , P
(2)
2 , P
(3)
2 , P
(1)
3 , P
(1)
4
of P so that we obtain the following (dual) configuration of rational curves:
2L3
L1 2E
(3)
1 3E
(2)
1 4E
(1)
1
3L2 2E
(2)
2 E
(1)
2
† Example 7.51 (A triple line, a conic and a line). Let Q be a (smooth) conic. Choose a
point P1 in Q and let L1 be the tangent line to Q at P1. Choose two other points in Q, say
P2 and P3, and let L2 be the line joining them. Let P4 be the intersection point between L1
and L2. We can construct a cubic C through these four points so that C is tangent to Q
(resp. L1) at P1 with multiplicity four (resp. two).
The pencil P generated by B = 3L1 + Q + L2 and 2C is a Halphen pencil of index two
which yields a fiber of type III∗ in the corresponding rational elliptic surface.
Concretely, we can choose coordinates in P2 so that Q is the conic given by x2 + yz = 0
and we have P1 = (0 : 1 : 0), P2 = (−1 : −1 : 1) and P3 = (0 : 0 : 1). Then L1 is the line
z = 0, L2 is the line x+ y = 0, P4 = (−1 : 1 : 0) and C is the cubic given by
(x+ z)xz + (x2 + yz)(x+ y) = 0
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If we blow-up P2 at the nine base points P
(1)
1 , . . . , P
(5)
1 , P
(1)
2 , P
(1)
3 , P
(1)
4 , P
(2)
4 we obtain the
following (dual) configuration of rational curves:
2E
(1)
1
Q 2E
(4)
1 3E
(3)
1 4E
(2)
1
3L1 2E
(1)
4
L2
† Example 7.52 (A triple line and a cubic). Let D : d = 0 be a nodal cubic and let P1 denote
its node. Let P2 be a point in D which is not a flex and let L : l = 0 denote the tangent line
to D at P2. Let P3 be the third intersection point between L and D and let L
′ : l′ = 0 denote
the line joining P1 and P3.
Then the cubic C given by l2l′ + d = 0 is such that the intersection multiplicity of D and
C at P = P2 (resp. P = P3) is 4 (resp. 3). Moreover, by construction, the node P1 lies in
C.
Concretely, if D is the nodal cubic given by y2z = x2(x+ z) we have that P1 = (0 : 0 : 1)
and we can let P2 = (1 : 0 : −1) so that L is the line x+ z = 0. Then P3 = (0 : 1 : 0) and L′
is the line x = 0. Thus, C is the cubic given by
z(y2 + x2 + xz) = 0
Note that C consists of a line (z = 0) and a conic (y2 + x2 + xz = 0). Moreover, the line is
an inflection line of D and the node P1 lies in the conic.
Now, the pencil P generated by B = 3L+D and 2C is a Halphen pencil of index two and
the associated rational elliptic surface has a fiber of type III∗.
More precisely, blowing-up P2 at P
(1)
1 , P
(1)
2 , . . . , P
(5)
2 , P
(1)
3 , . . . , P
(3)
3 we obtain the following
(dual) configuration of rational curves:
2E
(1)
2
D 2E
(4)
2 3E
(3)
2 4E
(2)
2 3L 2E
(1)
3 E
(2)
3
† Example 7.53 (A line with multiplicity four and a conic). Consider either a smooth or
nodal cubic C. Choose smooth points P1, P2 ∈ C so that there exists a conic Q which is
tangent to C at P1 (resp. P2) with multiplicity 4 (resp. 2). Let L be the line joining P1 and
P2 and let P3 be the third intersection point between L and C. Then the pencil P generated
by B = Q+ 4L and 2C is a Halphen pencil of index two which yields a fiber of type III∗ in
the associated rational elliptic surface.
For instance, consider the cubic C given by x2z+(x2+yz)(y+z) = 0 and let P1 = (0 : 1 : 0)
and P2 = (0 : 0 : 1). Then L : x = 0 and P3 = (0 : 1 : −1) and we can take Q : x2 + yz = 0.
Now, if we blow-up P2 at the nine base points P
(1)
1 , . . . , P
(4)
1 , P
(1)
2 , . . . , P
(3)
2 , P
(1)
3 , P
(2)
3 we
obtain the following (dual) configuration of rational curves:
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2E
(1)
3
Q 2E
(2)
2 3E
(1)
2 4L 3E
(1)
1 2E
(2)
1 E
(3)
1
† Example 7.54 (A line with multiplicity four and two other lines). Consider either a
smooth or nodal cubic C and let P4 be a flex point of C. We can always choose two lines
L1 and L2 through P4 which are tangent to C at two other points P1 and P2, respectively.
Moreover, if L3 is the line joining P1 and P2, then C intersects L3 at a third point P3 and
we have that the pencil P generated by B = L1 + L2 + 4L3 and 2C is a Halphen pencil of
index two with base points
P
(1)
1 , . . . , P
(3)
1 , P
(1)
2 , . . . , P
(3)
2 , P
(1)
3 , P
(2)
3 , P
(1)
4
Blowing-up P2 at these nine base points yields a fiber of type III∗ in the associated rational
elliptic surface. Explicitly, we obtain the following (dual) configuration of rational curves:
2E
(1)
3
L2 2E
(2)
2 3E
(1)
2
4L3 3E
(1)
1 2E
(2)
1
L1
Note that, concretely, we can choose coordinates in P2 so that C is the cubic given by
y2z = x(x− z)(x − α · z) α ∈ C\{0, 1}
we can let P4 = (0 : 1 : 0) and we can choose L1 and L2 to be the lines x = 0 and x− z = 0.
Then P1 = (0 : 0 : 1), P2 = (1 : 0 : 1), L3 is the line y = 0 and P3 = (α : 0 : 1).
7.8. Type II∗. We now construct all possible examples of Halphen pencils of index two
that yield a fiber of type II∗ in the corresponding rational elliptic surface (Theorem 5.15).
Example 7.55 (A triple conic [16]). We begin with an example of a rational elliptic surface
whose Jacobian is the surface X211 in Miranda and Persson’s list [37].
Let C be a cubic with a node and let P0 be an inflection point of C that we take as the
identity for the group law. Choose another point P in C satisfying 6P = P0. Then there
exists a conic Q tangent to C at P with multiplicity 6 and to the pencil generated by B = 3Q
and 2C we can associate a rational elliptic fibration Y → P1 of index two with II∗+ 2I1+ I1
singular fibers.
Concretely, we blow-up P2 at the nine points P
(1)
1 , . . . , P
(9)
1 where P
(1)
1 = P . The strict
transform of C is the multiple fiber and the strict transform of Q is the component of
multiplicity 3 in the II∗ fiber that intersects the component of multiplicity 6.
More precisely, we get the following (dual) configuration of rational curves:
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3Q
2E
(8)
1 4E
(7)
1 6E
(6)
1 5E
(5)
1 4E
(4)
1 3E
(3)
1 2E
(2)
1 E
(1)
1
† Example 7.56 (Two triple lines). Let C be either a smooth or nodal cubic. Let L1 be an
inflection line of C at a point P1 and let L2 be a line through P1 which is tangent to C at
another point P2.
Then the pencil P generated by B = 3L1 + 3L2 and 2C is a Halphen pencil of index two
which yields a fiber of type II∗ in the associated rational elliptic surface.
Concretely, (if C is smooth) we can choose coordinates in P2 so that C is the cubic given
by
y2z = x(x− z)(x − α · z) α ∈ C\{0, 1}
we can let L1 be the line z = 0 (hence P1 = (0 : 1 : 0)) and we can choose L2 to be either
one of the lines x = 0, x− z = 0 or x− α · z = 0.
If we choose L2 as x = 0, then P2 = (0 : 0 : 1) and, similarly, if we take L2 as x − z = 0
(resp. x− α · z = 0), then P2 = (1 : 0 : 1) (resp. P2 = (α : 0 : 1)).
In any case we blow-up P2 at the nine base points P
(1)
1 , . . . , P
(6)
1 , P
(1)
2 , P
(2)
2 , P
(3)
2 and we
obtain the following (dual) configuration of rational curves:
3L1
2E
(5)
1 4E
(4)
1 6E
(3)
1 5E
(2)
1 4E
(1)
1
3L2 2E
(2)
2 E
(1)
2
† Example 7.57 (A triple line and a cubic). Let D : d = 0 be a nodal cubic and let P1
denote its node. Let L : l = 0 be an inflection line of D and denote the flex point by P2. Let
L′ : l′ = 0 be the line joining P1 and P2.
Then the cubic C given by l2l′ + d = 0 is such that the intersection multiplicity of D and
C at P2 is 7 and, by construction, the node P1 lies on it. We also have that L is also an
inflection line of C at P2.
Concretely, we can choose as D the nodal cubic given by y2z = x2(x+ z), then P1 = (0 :
0 : 1) and we can choose L to be the line z = 0 so that P2 = (0 : 1 : 0). Then L
′ is the line
x = 0 and C has equation
z2x+ y2z − x3 − x2z = 0
Now, the pencil P generated by B = D + 3L and 2C is a Halphen pencil of index two
which yields a fiber of type II∗ in the associated rational elliptic surface.
If we blow-up P2 at the nine base points P
(1)
1 , P
(1)
2 , . . . , P
(8)
2 then we obtain the following
(dual) configuration of rational curves:
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3L
2E
(1)
2 4E
(2)
2 6E
(3)
2 5E
(4)
2 4E
(5)
2 3E
(6)
2 2E
(7)
2 D
† Example 7.58 (A line with multiplicity four and a conic). Let C be either a smooth
or nodal cubic. Choose a sextactic point P1 ∈ C (see Definition 7.32). And let Q be the
corresponding osculating conic at P1. Choose a line L which is tangent to both Q and C at
P1 and let P2 be the third point of intersection between L and C. Then the pencil P generated
by B = Q + 4L and 2C is a Halphen pencil of index two which yields a fiber of type II∗ in
the associated rational elliptic surface.
For instance, consider the cubic C given by
−3x3 + xz2 + y2z + 2xy2 = x3 + (y2 − 2x2 + xz) · (2x+ z) = 0
Let P1 = (0 : 0 : 1), let Q : y
2 − 2x2 + xz = 0 and let L : x = 0. Then the intersection
multiplicity of Q and C at P1 is 6 and we have that P2 = (0 : 1 : 0) is a flex point with
inflection line 2x+ z = 0.
Now, if we blow-up P2 at P
(1)
1 , . . . , P
(7)
1 , P
(1)
2 , P
(2)
2 we obtain the following (dual)
configuration of rational curves:
3E
(1)
1
2E
(1)
2 4L 6E
(2)
1 5E
(3)
1 4E
(4)
1 3E
(5)
1 2E
(6)
1
Q
† Example 7.59 (A line with multiplicity five and another line). Consider either a smooth
or nodal cubic C and let L1 be an inflection line of C at a point P1. We can always choose
another line L2 through P1 which is tangent to C at another point P2. And the pencil P
generated by B = 5L2 + L1 and 2C is a Halphen pencil of index two which yields a fiber of
type II∗ in the associated rational elliptic surface.
Concretely, (if C is smooth) we can choose coordinates in P2 so that C is the cubic given
by
y2z = x(x− z)(x − α · z) α ∈ C\{0, 1}
we can let L1 be the line z = 0 (hence P1 = (0 : 1 : 0)) and we can choose L2 to be either
one of the lines x = 0, x− z = 0 or x− α · z = 0.
If we choose L2 as x = 0, then P2 = (0 : 0 : 1) and, similarly, if we take L2 as x − z = 0
(resp. x− α · z = 0), then P2 = (1 : 0 : 1) (resp. P2 = (α : 0 : 1)).
In any case we blow-up P2 at P
(1)
1 , . . . , P
(4)
1 , P
(1)
2 , . . . , P
(5)
2 and we obtain the following
(dual) configuration of rational curves:
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3E
(1)
2
2E
(4)
2 4E
(3)
2 6E
(2)
2
5L2 4E
(1)
1 3E
(2)
1 2E
(3)
1
L1
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